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COEXISTENCE OF ORDERED AND DISORDERED PHASES IN POTTS 

MODELS IN THE CONTINUUM 

ANNA DE MASI, IMMACOLATA MEROLA, ERRICO PRESUTTI, AND YVON VIGNAUD 

Abstract. This is the second of two papers on a continuum version of the Potts model, where 
particles are points in M'*, d > 2, with a spin which may take S > 3 possible values. Particles with 
different spins repel each other via a Kac pair potential of range 7~^, 7 > 0. In this paper we prove 
phase transition, namely we prove that if the scaling parameter of the Kac potential is suitably small, 
given any temperature there is a value of the chemical potential such that at the given temperature 
and chemical potential there exist 5 + 1 mutually distinct DLR measures. 
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1. Introduction 

The conjecture that mean field phase diagrams are well approximated by systems with long range 
interactions cannot be taken literally as it obviously fails in one dimensional systems (if the second 
moment of the interaction is finite), moreover the mean field critical exponents are [believed to be] 
different from those computed for finite range interactions. With proper caveat however the conjec- 
ture is generally regarded as correct and indeed there are mathematical proofs mainly referring to 
specific models and focused on the occurrence of phase transitions. The choice of the approximating 
hamiltonian is not at all arbitrary and the results so far have been obtained for reflection positive 
interactions, [6], and for Kac potentials, [5]. The former choice is clearly motivated by a powerful and 
well developed theory, the latter class seems more general, in particular includes systems of particles 
in the continuum as the one considered in the present paper. We will in fact study here a continuum 
version of the classical Potts model. Its mean field free energy is 

F;^i{p)^^-j2psPs'->^J2p^~l^(-p)' 5(p) = -^p,[iogp,-i] (1.1) 

s^s' s s 

p = {pi, ..,ps} G M^, ps represents the density of particles with spin s, s G {1, .., S}, S > 3; P the 

inverse temperature; A the chemical potential. 

Despite the simplicity of the model its thermodynamics, which is defined by minimizing FS^l^{p) over 

p E M.^, has a rather interesting structure. In [10] and [7] it is proved that the resulting phase diagram 

is characterized by a critical curve A = A^,/3 > 0, as in Figure 1. 

FfPl^ has 5 + 1 minimizers p^''' — {pi ,s — 1, .., S), k ~ 1, .., S + 1. There are positive numbers a, 

b < c so that 

pf+i)==a, Vs, forfc<S': p'^^^ = b \fs ^ k, pf'^ = c (1.2) 

Furthermore 

Sa<b\ b* -.^ {S - l)b + c (1.3) 

so that the total density of the state pf-^+i) is smaller than the total density in any of the ordered 
critical points p''^\ k < S, which is in fact equal to b* . 

When A > A/3, only the ordered states survive and there are S minimizers, when A < A/3, only the 
disordered state survives and there is a unique minimizer. Therefore when crossing vertically the 
critical curve the total density jumps, a phenomenon which can be related to magnetostriction as 
argued in [7] . 
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Figure 1 . Phase Diagram of the Mean field Potts gas 



The Kac proposal applied to (1.1) leads to hamiltonians of the form 



(1.4) 



iy^j 



where q = (..., r^, s^, ...), i = l,..,n, r^ G M'^, Si G {1,..,S'}, is a finite configuration of particles with 
spin; A the chemical potential and Vj{ri,rj) = j'^V{'yri,'yrj), V{r,r') a symmetric probability kernel, 
say with range 1. An analysis a la Lebowitz and Penrose, [14] (see also Gates and Penrose, [9]) proves 
that the mesoscopic (7 -^ 0) behavior of the system with hamiltonian H^^\{q) is described by 



F0Ap)^\ E I Ps{r)V{r,r')pAr')drdr'- f{^^P^ + \Y,Ps{r)}dr 



(1.5) 



s.s' -.s^s 



as a functional defined on functions p G L^(M^,M^) with compact support. Let A a torus in M^, call 

F/3,a,a(p) < |A| inf F^-i(p) (1.6) 



Ft3,\,A{p) the functional (1.5) on i°°(A,M:^), then obviously 



inf 

(just restrict the inf on the l.h.s. to constant functions). Thus a preliminary condition for the particle 
model to have mean field behavior is to require that (1.6) holds with equality, which (we suspect) 
requires extra conditions on V . 

In [15] the Kac proposal has been modified in such a way that the above condition is automatically 
satisfied. Call e™*(/9) the mean field energy, in our case 



^(P)^o E P^Ps'-^^^i 



(1.7) 



s.s' -.s^s' 
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(i.e. the first two terms on the r.h.s. of (1.1), the third one is the contribution of the entropy to the 
free energy) and set 

HyAl)^ fef{Jy*q{r))dr, J^ * g(r) G M^, (J^ * g)(r, s) = ^ J^(r, r,)l.,=. (1.8) 

-' i 

J^{r,r') = j'^J{jr,jr') with J{r,r') a smooth, symmetric, translational invariant probabiHty kernel 
with range 1, J{r,r') = if |r — r'\ > 1. 

Namely the "modified Kac proposal" we are adopting is to suppose that the particle hamiltonian has 
an energy density at point r given by the mean field free energy computed on the empirical density 
Jj * q{r). Analogous prescription can be applied whenever the mean field order parameter is a density 
(or as in this case a collection of densities). The free energy functional associated to (1.8) is, supposing 
A a torus in W^, 

Fp,xAp) - /^{e^'iJ * P{r)) - ^^} (1.9) 

which can be rewritten as 

F^^xAp) - l^{ef{J * P(r)) '^^•^y^'^H + ^ JW *P)-J* S{p)} (1.10) 

By convexity the second integral is non negative and on the constants; the first one is minimized by 
taking p{r) constantly equal to the minimizer of ^fl"^(')- Thus (1.6) holds in this case with equality. 
Notice that the hamiltonian H^,x{q) of (1.8) has the form (1.4) because it can be written as 

H^,\{<l) = ^Y^iJj* Ji){ri,rj)ls,^s, "An (1.11) 

Thus the LMP prescription in this case is just a positivity assumption on the kernel V (more precisely 
V ~ J~f* J-y). In the sequel we will restrict to the choice (1.8)-(1.11). The main result in this paper is 



Theorem 1.1. For any d > 2, S > 3, (3 > there is 7* > and for any 7 < 7* there are Xp^^ and 
5+1 DLR measures at (/?, A/j.-^), denoted by IJ^^'^' , fc G {1, . . . , 5 + 1}, with the following properties. 

• Each ij}^> is a translational invariant, extremal DLR measure (with trivial a-algebra at infinity); 

• any translational invariant DLR measure is a convex combination of {/i'-'^-', k € {1, .., S + 1}}; 

• calling p l.,,s' G {Ij-.j^} the average density of particles with spin s' in p^^' and pi the mean 
field values, lim p , = pg' >' 

• any measure p^'^' , k < S, is invariant under any exchange of spin labels which does not involve k 
while p^^^^' is invariant under any exchange of spin labels. 



The proof of Theorem 1.1 uses specific features of the model besides the property that (1.6) is true 
with equality. Which properties are of general nature and which ones are instead truly specific of 
the model is difficult to say. To a great extent the proof follows from the analysis (a la Pirogov- 
Sinai) of the LMP model in Chapter 11 and 12 of [16], but there are several points where we need to 
overcome important difficulties not present in the LMP model. Among them the main one is about 
the exponential decay of correlations in the restricted ensemble, Theorem 3. 1 of the companion paper 
[7]. How to go from such a result to the proof of Theorem 1.1 is the content of the present paper. 
Theorem 1.1 does not claim anything away from (/3, A/j^-y), this allows to simplify the traditional 
Pirogov-Sinai approach. The conjecture is that when A varies in (A/j^-y — e, A/j^-y + e), e > suitably 
small, then we go from uniqueness A < A^^ to S extremal states, A > A^^^, (always referring to 
translational invariant DLR states). The Potts model docs not exactly fall in the class considered 
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in [3] but presumably the analysis in [3] can be extended to prove the above conjecture. It is also 
plausible that the estimates are uniform in a small neighborhood of /?, in such a case we would have 
local closeness of the mean field and the finite 7 phase diagrams, thus partially confirming the validity 
of the conjecture in the beginning of the introduction. 

In Part I we define the model and establish the main notation, Section 2, and then prove Theorem 
1.1, Section 3, supposing that the Peierls estimates on contours are valid. In Part II we prove the 
Peierls estimates, this being the more technical part of the paper. 



Part 1. 

2. Main notation and definitions 

We start with the basic definitions. They are quite standard and consistent with those of the com- 
panion paper [7]. 

2.1. Geometrical notions. We give the following definitions. 

• The partitions T)^^' . 

We denote by V^'^\ e > 0, the partition {ci'''\ x G il/} of W^ into the cubes &x'^ ^ {r (^W^ : x^< 

ri 

contains r ^W^. 



< Xi + i^i ~ \^..,d\ {vi and Xi the cartesian components of r and x). We call Cr the cube which 



• T)^' -measurable sets and functions. 

A set is P'^^^-measurable if it is union of cubes in V^^^ A function / : M'^ x {1, . . . , S*} -^ M is 
I? '^'-measurable if its inverse images are P'^'-measurable sets, or, equivalently, if it is constant on the 
cubes of Pf^). 

• T)^^' -boundaries of a set. 

Calling two sets connected if their closures have non empty intersection, given a P'^'-measurable 
region A we call (5q^j[A] the union of all cubes of I?^^^ in A"^ = M'' \ A which are connected to A. 
Analogously we call (5f„[A] the union of all cubes of V^^'i in A which are connected to A"^. 



2.2. Phase space, topology and free measure. We start with the definition of the phase space. 
• The phase space Q. 

It is convenient to represent the phase space Q of the Potts model as a spin system on the lattice, the 
spins taking values in a non compact space. With {Ci = C\ ,i£ Z"*} the cubes of the partition V^^\ 
we then define Qc, :- |J (C, x {1, . . . , 3}^ and Q^U^ Qc.- 

n>0 

Thus an element q E Q is a sequence q^"^' G Qct, if Q = (^ij si, . . . , r„, s„) we will then say that in 
Ci there are n particles at positions rj with spins Sj, j ~ 1, ..,n. As particles are undistinguishable, 
physical observables are functions symmetric under exchange of particles labels and the actual physical 
phase space is Q^'^™ = J^^ Q^™ which is obtained by taking the quotient under permutation of indices. 
To simplify notation in the sequel we will just write Q being clear from the context if we are referring to 
Qsym g JQ(2(; labels are unimportant we can write a configuration q G Q as a sequence q — {...,rj, Sj, ...}, 
rj G R'^, Sj G {1, .., S}, indeed qc^ ^ qO Ci, namely the set of all {rj, Sj) G q : rj E Ci, identifies the 
component of q in Qd- Given q = {...,rj,Sj, ...} G Q we write q{s) ~ {{rj,Sj) E q : Sj ~ s} and we 
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call Qa '■— {qA ^ Q ■ qA = {(^j, Sj) E q : rj E A}}. We finally denote hy qUq' the configuration which 
collects all the particles in q and q' , evidently referring here to indistinguishable particle configurations. 

• Topological properties of Q. 

We consider Q^ — M (Q x {1, . . . , 5})" equipped with its natural topology and Q with the product 

n>0 

topology calling S the corresponding Borel cr-algebra. 

While the product topology in Q is not physically correct (the path of a particle moving continuously 
from a cube C'i to another one is not continuous in the product topology) yet the Borel structure 
is not changed and since we are interested in measure theoretically properties the above definition 
becomes acceptable. 

• The free measure. 

We denote by v{dqci) the measure on Qq which restricted to (CiX{l, ., S*})" is equal to (n\)^^dri..drn, 
such that if / is a bounded measurable function on Qc^ 

/ .f{q)i'{dqci)^^—^ X! / f{i'i,Si,...,rn,Sn)dri...drn 

If A is a bounded I?'^' measurable region we define the free measure v{dqtC) = I I v{dqci) on Qa 

ieAnz<* 
observing that for any measurable set A C A 

/ I{q)v{dqA) = y^^—. V" / /„(ri,si,...,r„,s„)dri...dr„ (2.1) 



2.3. Energy and Gibbs measures. We have already defined the energy H^\{q) (of a finite config- 
uration), see (1.8). The energy in a bounded set A with boundary condition gA<^ is defined as usual 
as 

HAAqA\qA^) = HxiqA U qA.) - Hx{qAa) = f [ef (j^ • (^A U qA^)) - ef {j^ * qA^)]dr (2.2) 

The expression on the r.h.s. depends only on the particles of qA" at distance < 2j^^. 
In the sequel we will sometimes replace qA" by cr-finite measures by setting 

J^ i^ dfi{r, s) ^ J^{r,r')d^i{r',s) (2.3) 



'7V 

d(i{r, s) any non negative cr-finite measure on M x {1, . . . , S'}. By identifying q G Q as a sum of Dirac 
deltas we may regard the convolution J^ ^q as a particular case of (2.3). In particular we will often 
consider 

HAAqA\xth = / [ef (J7 * 9A + J^ * xth) - ef (J7 * Xa'^)] dr (2.4) 

Jr<^ 

where Xa' ■~ P '^A" were p^^' — {p\ , . . . pg ), k G {1, . . . , 5* + 1} is one of the minimizers of the 

mean field free energy FS^l^ . 

The Gibbs measure in A (A a bounded, measurable set in M'^) with boundary conditions q is 

Gx.A^dqA) = ZX^^e-^"^'-^'"^\'"^^^d,,{qA) (2.5) 

where the partition function Za.q is the normalization factor in (2.5). We will also consider more 
general boundary conditions with q replaced by cr-finite measure, the formula is again (2.5) with the 
energy defined using (2.3). 
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2.4. Phase indicators and restricted phase space. As usual in statistical mechanics local equi- 
librium and deviations from equilibrium are defined in terms of "averages" and of "coarse grained" 
variables. We briefly recall the main notion adapted to the present context. Given a conflguration 
q £ Q we denote by n^^'{r, s; q) the number of particles in the configuration q which are in the cube 
Cr and have spin s, namely 

n^'Hr,s;q):=\q{s)nCi'^\, sE {!,..., S} (2.6) 

We also define the density of particles in C^, 

p^'\r.s-q):='f^^^, .e{l,...,^} (2.7) 

The phase indicators are introduced using two scales t- and £+ and an accuracy parameter Q. All these 
numbers depend on 7 and there is much flexibility about their choice, for the sake of definitiveness 
we fix them as follows: 

Definition 2.1. (Choice of parameters). Wc choose £^ and £+ as functions ofj: 

e_^j-^+"-, £+=7-1-"+, a_ < 1, a+<l (2.8) 

supposing for simplicity that 7^^ and 7^(1*"*) are both in {2", n e N}. We also choose 

( = r, a < 1 

We require that «_(_ > q;_ > a and 

2ad + a_d^ <^, --2da+>0, - - d{a+ - a_) > (2.9) 

a+ + q:_ 1 , , q:_ 1 

-± <-, A{a+ + a_) + —<- 2.10 

1 — Q!_ a 2 4 



Thus for 7 small, £^ is much larger than 1 and much smaller than 27"^ equal to the range of the 
interaction; it defines a scale large enough to make statistics reliable. Indeed, the scale £_ is used 
together with the accuracy parameter C to determine if a configuration (or a density) is close to a 
mean field equilibrium value in a cube C^^^'. This will be done via the phase indicator that we denote 
by 77. Local equilibrium is instead present when the above closeness extends to regions in the scale i-f- 
thus regions with a diameter much larger than the interaction range. To quantify the local equilibrium 
we use the phase indicator on the scale C.^ that we denote by O. 

For any p e L^{W^ x {1, . . . , 5}) we then define in analogy to (2.7) 



and 



and 



otherwise 



1 otherwise. 
Recalling (2.7), the previous definitions extend to particle configurations q by setting 

^(C,.-)(,.,)^^(C/-)(,.^(.-)(,..)), e(C^^-M(^r;q)^e(<-^'-M(^r;p('-Hq;-)) (2.13) 
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We will often drop the suffix (C,^-) by writing 77 instead of 77''''^" ', analogously for 6. 

Given A ^ M'^ and A:g{1,..,S'+1}, we define "the fc-restricted ensemble" as 

A-f ^ xi'\CJ_) :- [q : ry«^^-)(r;g) ^ k, Vr E a} (2.14) 

If A = K'* we simply write X'-'^^ . By an abuse of notation we also denote by XJ^ ' the space of densities 
p such that ?7(-; p) = fc in A. 

2.5. Colored Contours. First observe that 

{r : e^<-^^-'^+\q; r) ^ k} H {r : e^'^'^-'^^+Hq; r)^h} = 9, h^k 

In fact the two regions are separated by the set {r : Q'^'''^-'^+^{q; r) — 0} which is what we call spatial 
support of a contour. Given a configuration q such that {r e M'' : G(r; q) = 0} is bounded, we call 
contour a pair T ~ (sp(r), ?7r) where sp(r), the spatial support of T is 

sp(r) = maximal connected component of the region {r G M'^ : 0(r; q) = 0} (2-15) 

and ?7r(^) — '7(7'; 9)77" G sp(r), its specification. Abstract contours T arc the pairs which arise from 
some configuration as above. 

We decompose the complement of sp(r) as sp(r)'^ = ext(r) U int(r) where ext(r) is the unbounded, 
maximal connected component of sp(r)'^. We denote by 

^r = ^^, c(r)-sp(r)uint(r) (2.16) 

We omit the proof of the following proposition (which is a straightforward consequence of the definition 
of phase indicators and contours) . 

Proposition 2.2. Suppose q has a contour T, then there is k E {!,.., 5*+ 1} such that Q{r;q) = k 
for all r G (5Q+Jc(r)], c(T) as in (2.16). Moreover if A is any maximal connected component o/int(r) 
then there is h E {1, .., 5+1} such that 0(r; q) ~ h for all r G 5-^^ [A]. 

Proposition 2.2 implies that given any F, 0(r; q), r G <5out[sp(F)] is determined by ?7r and assumes the 
same value for all 5 G {g : F is a contour for q}. We will then say that F has color k if 0(r; q) = k 
for all r G i5Qut[c(F)] and denote by int(/j)(F) the union of the maximal connected components Aj of 
int(F) where 0(r; q) = h for all r G (5j + [Ai]. 

Given a color k and a bounded, simply connected I?'^^+)-measurable region A, we denote by B\ the 
collection of all sequences F = (F(l), .., F(n)) of contours of color k with spatial support in A \ (5j + [A] 
and such that the spatial supports are mutually disconnected. 



3. Proof of Theorem 1.1 

3.1. The main technical result. From a technical point the main results in this paper are Theorem 
3.1 and Theorem 3.2 below. Their statements involve the notion of fc-boundary conditions, diluted 
Gibbs measure and diluted partition functions. 

• k-boundary conditions. 
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Let fce{l,...5'+l} and A a bounded I? '^+ '-measurable region. A configuration q is a fc-boundary 
condition relative to A if there is a configuration q'-''^ G A'^'^' (see (2.14)) which is equal to q in the 
region {r e A'' : dist (r, A) < 27^^}. 

• Diluted Gibhs measure and partition function. 

Let A, q and q'^'^^ as above, then the fc-diluted Gibbs measure in A with b.c. q is 

where 

Zx.aM^)^ f , e-'^^^'-f^^l'^^^'K^gA) (3.2) 

J{e(9AUgi'i';r)=fc, r £ 5; + [A]} 

is the diluted partition function. 



Theorem 3.1. For any (3 there are c* , "/p > and for any 7 < 7/3 there is Xp^-y such that for any 
bounded, simply connected, 1)^^+' measurable region A, any k- boundary conditions q and any r E A, 

G['l,A,S®^'^'-''^\T,r)^k})> 1 - exp{-/3^(CV.)} (3.3) 



The proof of Theorem 3.1 is a corollary of Theorem 3.2 below, which involves the fundamental notion 
of contour weights: 

• The true weight of a contour. 

Given a /c-colored contour F and a fc-boundary condition q^'^' relative to c{T), we define the "true" 

weight V^'='t™<=(r|<7('=)) as 

p 

p-/3ffsp(r),A(9sp(r)kc(r)<^) TT vC^j) 



I[^iX(r),x(l-p(rMdqspir)) 

^fe,true(r|^W) ^ "-;■'-'-- ^ (3.4) 

-/^H.,<„,(,.,<,,|,.,,H -Q 4^) (,^^,(,,p(p)).(rf<z.p(r)) 



sp(r) j = l 

where Tsp(r)('?r) '■— {'7sp(r) '■ '7(^;9sp(r)) — '?r(7')j^ G sp(r)}; int(r) decomposes into p maximal 
connected components intj(r), j = I, ..,p; kj denotes the value of O on 5-^^ [intj(r)]. 

The above are called true weights to distinguish them from fictitious weights introduced in the proof 
of Theorem 3.2. 

Theorem 3.2. In the same context of Theorem 3.1, for all 7 small enough and recalling definition 
(2.16), 



TTr/c,truc 



(r|gW)<exp{-/3^C'^liVr} (3.5) 



As already pointed out Theorem 3.2 is the main technical result in this paper, its proof follows the 
Pirogov-Sinai strategy and it is reported in Part IL We will next show that Theorem 3.1 follows from 
Theorem 3.2. 
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Proof of Theorem 3.1 (using Theorem 3.2). By definition the fc-diluted Gibbs measures in A have 
support on configurations where O = fc on (5jj^[A]. Therefore if 0(r; q\) =/= k there must be a contour 
r such that r e c(r). Thus G^^^^_^f^^^{{e'-'^'^--^^+\q;r) ^ fc}) is bounded by 

y (5 + 2)(^+/-^-)''^°e"'^(^*/2)C'^lAfD 

c(D)3r 

where D ranges over all possible values of sp(r) such that c{T) 9 r; No is the number of I?(^+) cubes 
in D. {S + 2) is the number of possible values of r]{-), {l+/U)'''Nu the number of I?*^^-' cubes in D. 
The above is bounded by 

g-/3(c*/4)c'^l y^ (^_5._^2)(^+/'^-)''^°e"'^(='/''''^'^-^° 

c{D)3r 

The sum vanishes as 7 — > 0, see for instance the proof of Theorem 9.2.8.1 in [16], such that for 7 small 
enough the above is bounded by e~^^'^ /^^ ■» ^- . D 

In the following sections we will see that the proof of Theorem 1.1 follows from Theorem 3.2 and 
Theorem 3.1 of [7] using the same general arguments as in [16] for the analogous proof in the LMP 
model. In Part II we will prove Theorem 3.2. 



3.2. Existence of DLR measures. A probability /i on Q is DLR at (/3, A) if for any bounded, 
measurable cylindrical function / and any bounded measurable set A C W^ , 

m(/) = m(Ga,a,«(./)) := / GxAADKdq) (3.6) 

•Iq 

We fix /3 and set by default 7 < 7/3 and A = ^p,^, see Theorem 3.1. (3 and A in the sequel will be often 

omitted from the notation. We will start by proving: 

Theorem 3.3. The set of DLR measures at (/3, A/3^-y) is a non empty, convex, weakly compact set. 

The proof is made simpler by the assumption that the interaction is non negative. We follow closely 
Section 12.1 of [16] where the analogous statement is proved for the LMP model and where the reader 
may find more details. The basic estimate is (3.8) below. Let C G 'D^^\ Gc,q the Gibbs measure on 
Qc at {P,Xfj_-y) with boundary conditions q, 

As,N^c ■■={qeQc:\q\<N,qn{reC: dist(r, C^) < <5} = 0} (3.7) 

Then, using the non negativity of the interaction, 

n=l ■ n>N 

and therefore there are n* and (5„ > (decreasing with n) such that for any q Cz Q, 

GcA^s^,n^c) < e"", for all n > n* (3.9) 

By supposing (without loss of generality) n* large enough, there exist configurations q^'^'' G X^''\ 
fc = 1 , . . , 5 + 1 , such that 

9^'' e n ^^-.*.»%c. (3-10) 
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Call M{Q) the set of all probabilities on Q and 

M0(Q) := {/i e M{Q) : KAs^^^,^,n+m,cJ < e-*"+'*'\ for all n > n* and all i G Z'^} (3.11) 

Define also for any bounded I? '^^^ -measurable set A C R'^, 

aA:={A*eM(Q):M(/)-M(GA,,(/)}, ^X = ^a n M0(Q) (3.12) 

If A is 2?(^+ ^-measurable and g*^*^' as in (3.10), then by (3.9) G/^ „(k) G Q^ which is therefore non empty. 
A stronger statement actually holds: 

Lemma 3.4. Q'^ is a non empty, convex, weakly compact set and i/A C A then Q'^^ C G%- 



Proof. For any n> n* the set || Ag^ n+\i\,Ci is compact and if /^ G M°(Q), 



m( n ^^„+M,n+N,c.) > 1 - ce-", c := ^ e"!'! (3.13) 

Then, by the Prohorov theorem, the weak closure of Q'^ is weakly compact. Since A^ „ c ^^ closed, 
the inequalities /i(A^ n c) — ^ " ^^^ preserved under weak limits such that tjj^ is weakly closed, hence 
weakly compact. Convexity and the inclusion Q'^ C G% are obvious and the lemma is proved. D 

Corollary 3.5. Let An be an increasing sequence of T)^^' -measurable sets invading W^, then 
Q := (I ^A„ ^■^ '^ ^"^ empty, convex, weakly compact set independent of the sequence A„. 



Lemma 3.6. Any measure in Q'^ is DLR and any DLR measure is in Q'^ . 

Proof. Let A be a bounded, measurable (but not necessarily P^^^-measurable) set, and A D A a 
bounded P^^^-measurable set. Then if /x G 5°, ^Ji & G\ and since Gt^,q{f) = G\^q[GA,q{f)), it then 
follows that /i(/) — m(G'a,ij(/)), hence that /i is DLR. Viceversa if /i is DLR then by (3.9) and the 
DLR property, /i G M'^{X). By (3.6) /i G ^a, hence /i G ^° and by the arbitrariness of A in tjo. D 

Corollary 3.5 and Lemma 3.6 prove Theorem 3.3. Moreover 

Theorem 3.7. Let A„ be an increasing sequence of V^^+^ -measurable regions invading K'^ and q^'^\ 
k = 1, .., S+1, configurations satisfying (3.10). Then G. (j.) converges weakly to a measure ji^^' G Q^ 
and (with c* as in Theorem 3.1) 

Ai^'^' ({e(-; r) - /c}) > 1 - e~^(^*/'^)^'^- , for any r G M'' (3.14) 

Proof. Call A' - A„ \ <5f+[A„], A„ - A' \ (5f+[A']. Then by (3.9) and (3.10) Gf^^^^,, G §1^. Since 
A„ is increasing, by Lemma 3.4 for n > m, G. ^^.^ G 0% which is weakly compact. Then G . (^j 
converges weakly by subsequences to an element /i^*^^ of Q^ . Thus ^i^''' G (| 0%^ and by Corollary 

m 

3.5 /i*^''^ G Q^. (3.14) follows because it is satisfied by G. ^^^•^, G. (j.) converges weakly to /x^*^^ by 
subsequences and {0(-;r) — k} is closed. D 
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3.3. Relativized uniqueness of DLR measures. The title means that fc-boundary conditions, 
fcG{l,..,S'+l}, select a unique measure in the thermodynamic limit. The precise results are stated 
in Theorem 3.8 and its corollary Theorem 3.10. 

Theorem 3.8. There are lu and c positive such that for all ^ small enough, for all k Cz {I, .., S+l}, for 
all bounded, 1)^^+' -measurable, simply connected regions Ai, A2, for all k-boundary conditions qi,q2, 
for all 1)^^+' -measurable sets A m Ai n A2 and for all bounded, measurable cylindrical functions f in 

A, 

|gS,,(/)-g^2,.(/)I<^II/II-I^I^""'"''^*'^'^^'^^^'^^ (3-15) 

The proof will be obtained after rewriting the expectations G . (fc, (/) in a way which allows to exploit 
the couplings introduced in [7]. 

Notation. 
We fix A and / as in Theorem 3.8. Let A D A be a bounded, P'^^+^-measurable set, F e B\ and 
(recall (3.4)) 

c(r) = U c(r), ext(r) = a \ c(r), Ty'='*™°(r; g) = [] w'='*™(r; q) (3.16) 

rer rer 

Denote by ^8^''^'' the subset of B'l of collections F = (Fi, .., F„) made exclusively of external contours, 
namely such that all c(Fi) are mutually disconnected. Let F e ■8^'°'^ and call (dependence on /, A 
and A is not made explicit): 

K{T) = |f e F : c(F) n A 7^ 0| (3.17) 

D(r) = {Anext(r)}u{ (J <5^;Jc(f)]} (3.I8) 

reit(r) 
F{q,T)^ JV(fc)(r;g;l) ' « ' ^ext® G ^-^^Jfr) (3-19) 

where, calling A'O(F) = fe(r) : v{qc{Ty,r) = vAr),r e sp(F),e(g,(r); r) = h,r e (5f+'-'[int'^(F)]} and 



rer 



N^'Hr;q;f) = / e-''^^(E>(''^(E)l''-(E>)/(g^(p),g,.t(r))d^c(r)(gi(r)) (3-20) 



Theorem 3.9. With the above notation 

Halloo < ll/IU, F{q,T) = Fiqf,^^^,k{T)) (3.21) 

^^(^jC/) - E / ,„ ^(9a; ^ur))dp%^^,.M^T) (3.22) 

reBX '^ 

where c^extdZ) is the subset of external contours in F (obtained by deleting from F all F' with c(F') C 
c(F) for some other F G T_); and, recalling the definition (3.2), 

rfpil,,.,(9A,r) = (4';J<„)-ie-'='^-('-l«-)M/'=-*™'=(r;<ZA)l^^^^(.,d^A(gA) (3.23) 
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The proof is completely analogous to that of Theorem 12.5.1.1 in [16] and omitted. 



Proof of Theorem 3.8. By Theorem 3.2 the contour weights satisfy the assumptions in Theorem 
3.1 of [7] which can then be applied. It then follows that there is a coupling dV{q', F', q" ,T") of dpj^ 
and dp^^lg^ with the following property. r{A) > 1 - |A| e"'^^+''''"*('^'(^i'^'^^)') where A is the set of 
all ('zMZ'j ^''^r") for which there exists a I?(^+ ^-measurable region A' such that: if F G F' U F" then 
c(r) n (5;^ [A'] = 0; the contours of F' and F" with spatial support in A' are identical as well as the 
restrictions to A' of q' and q"; finally A C A' \ 5f+[A']. By (3.22), 

<',,, (/) - G^aL (/) = / (^(«Ai ; -^-t (r')) - F{qA, ; 0c.t (F"))) dViq', F', q" , T") (3.24) 

and by the definition of F, F{q\j^; (pextiX-')) — F{qi^^; (?!)ext(r")) on A, hence Theorem 3.8. D 



As an immediate corollary of Theorem 3.8 we have: 

Theorem 3.10. In the same context of Theorem 3.8, 

|g£,,(/) -A^*'H/)| < c||/|U|A|e-^;'<^-*(^'^i) (3.25) 

where /i'*^' is the DLR measure defined in Theorem 3. 7. 



3.4. Tail field and extremality. In this section we will prove that the DLR measures /z'-'^^ have all 
trivial cr-algebra at infinity (also called the tail field) and they are therefore extremal DLR measures. 
The property follows from the Peierls bounds, Theorem 3.2, and the exponential decay of correlations. 
Theorem 3.10. The particular structure of the model is at this point rather unimportant and indeed 
we will be able to avoid many proofs by referring to their analogues [16]. 

Definition 3.11. Let {A^,} he an arbitrary hut fixed increasing sequence of 'D^^+' -measurable cubes of 
sides 2^1^ which invades the whole space and S the collection of sequences {A^} of the form {TiAfe}, 
where Ti, i G aZ'', a G {2^", n G N}, is the translation by i. 

When proving in the next subsections that the measures jj,^'^' are translational invariant, we will need 
translates of the sequence {A^}, hence the definition of S. Observe that sequences in S are not 
necessarily 1?''^+ •'-measurable. 

Definition 3.12. The k -tail field, k G {1,..,5'+ 1}, is defined as 

QkMii ^ {q(^Q- lim GA„,g(/) = f^'-'^Hf), for any {Afe} G S 

and for any bounded, measurable cylindrical function f > (3.26) 

Theorem 3.13. For all j small enough ^i^''^Qk. tun) =1, k e {l,..,S + 1}. 
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By taking countably many intersection we can reduce the proof of Theorem 3.13 to the proof that for 
any sequence {A„} e S and any I?(^+ '-measurable cube A 

M {{q '^ '^ ■ 1™ G'a„,o(/) = ^J- if), for all bounded, measurable functions / 

cylindrical in A}) = 1 (3.27) 

?]yJ „ instead of GA„,q 



This would be direct consequence of Theorem 3.10 if we had Gj^ instead of G^^^q in (3.27) and the 



whole point will be to reduce to such a case. 

• Random sets. 

We call A„;o the union of all I?(^+) cubes contained in A^ (recall A„ may not be P'^+'-measurable) 
and define the random set A'nout as follows. A'„_out(9) is the union of A^.q with all the maximal 
connected components A of the set {r E An-o : Q{q;r) ^ k} such that (5q+JA] n AJ^.q ^ 0. We call 
Nn,in the complement of Nn.out and observe that by construction, 0(r; q) = k for all r G (5j + [-/V„ in]. 

• The favorable case. 

Given r call A{q; r) the maximal connected component of {0(-; q) ^ A:} which contains r {A{ci; r) may 
be empty). Calling diam(j4) the diameter of the set A, we define 

S„ := {q ■■ diam(yl(r; q)) < 2'^-^+, for all r e Sf+[An;o]} (3.28) 

Notice that 

iV„,out(g)nA„_2 = 0, for Sill qeBa (3.29) 



Theorem 3.14. Let e„ := 2"('i-i)e-'3(-V4) (C^^l)2"-^ ^^^ 

Fn^{q:GA^,q{Bn)>l-V^} (3.30) 

Then 

M<'=H^«)>1-V^ (3-31) 

and for all q Cz Fn and all measurable, bounded functions f cylindrical in A, 

|GA„,,(/)-/zW(/)|<2||/|Uye;;+c||/||oo|A|e-'^^+''i'^'(^^^"-) (3.32) 

with c and oj as in (3.15). 

The proof of Theorem 3.14 is completely analogous to the proof of Theorem 12.2.2.5 in [16] and it is 
omitted, we just outline its main steps. To prove (3.31) we write 

A*W(S„)=m''=)(Ga„,,(S„)) <^i^''\F,,) + {l-^){l-^i^''\F,,)) (3.33) 

and (3.31) follows from (3.33) and the inequality /i('^'(,8„) > 1 — e„. To prove the latter we observe 

that Bn is a cylindrical set and therefore ^^^' (Bn)— lim G . f^, (Bn). We can then use the Peierls 

bounds in (3.5) and after some standard combinatorial arguments prove the desired inequality and 
hence (3.31). 
Let q e F„ then 



Ga„,,(/)- J2 Ga„,,(i^_„,.bG(3'],,(/)) < ||/IUGa„,,(s^) < ll/iuy^ 
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Hence 

\GA„Af) ~^^^''H.f)\<n.f \\ooV^+ sup sup \Gf ^,,{f)-fi^''Hf)\ 

such that (3.32) follows from (3.25), the bound being uniform in all / cylindrical in A. D 



Proof of Theorem 3.13. 

We use a Borel-Cantelli argument. Let F„ as above, then 



M 



{k) 



(F) = 1, F := y fl i^„ (3.34) 



By (3.32) 

lim GA„.g(/) = M^'H/), for all g e F (3.35) 

n — *oo 

and Theorem 3.13 follows from (3.34) and (3.35). 



3.5. Decomposition of translational invariant DLR measures. In this section we will prove 
that any translational invariant DLR measure can be written as a convex combination of the measures 
IJ,^^\ this is not yet the decomposition into ergodic DLR measures because we do not know that the 
^^^1 are translational invariant (a statement proved in the next section). However it follows directly 
from Theorem 3.10 that any ^^^' is translational invariant under {ti^i £ £_|_Z''}. Indeed by Theorem 
3.10 for any q e Q^''\ ^'^'^^ = lim„ G~^^ weakly, then ni^fi'-'^^) = lim„ Ti(Gj^ ) and the latter is equal 
to lim„ (G^/^ n f J which by Theorem 3.10 is equal to /i''^). We have: 

Theorem 3.15. For all 7 small enough the following holds. Let m he any DLR measure invariant 
under {Ti,i G £+Z'^}, then there is a unique sequence (uo, --lUs) of numbers in [0, 1] such that 

TO = Mo/x'"' + • • • + usA^^^^ (3.36) 

Proof. The proof is an adaptation of the classical argument by Gallavotti and Miracle-Sole for the 
analogous property in the Ising model at low temperatures. Its extension to Ising models with Kac 
potentials has been carried out in [2] and adapted in [16] to the LMP model. All these proofs are 
basically the same as the original one and we think it useless to repeat it once more here. The argument 
shows (see for instance Section 12.3 in [16]) that there are numbers Uk,L & [0, 1], fc = 1, .., S" + 1 with 
the following property; for any bounded cylindrical function / there is a function e(i) vanishing as 
L ^ 00 and satisfying, for any 2?'^+ '-measurable cube A of side i£+: 



h(/)-^«fc,LM''=)(/)|<e(L) (3.37) 

fc=0 

By compactness there is a sequence L„ (independent of /) such that lim Mfe,L„ ^'- Uk, for all k. Then 

S 

"^(/) = E"'»^*'^(/) (3.38) 

k=0 

and (3.36) is proved since m is determined by expectations of bounded cylindrical functions /. D 
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3.6. Ergodicity. In this section wc will complete the proof of Theorem 1.1 by proving that the 
measures jj.^^' are translational invariant, since their tail field is trivial they are then ergodic and the 
decomposition (3.36) becomes the decomposition into ergodic DLR measures. 
Let S be as in Definition 3.11 and i £ aZ'^, a G {2~",n G N}, define 

Sfc,taii; ^^{qeQ■. lim Ga„.,(/) = [t, (/^C^) )] (/) , for any {A„} e S 

n — *oo 

and any bounded, measurable cylindrical function /} (3.39) 

such that Qfc,taii; ~ Qfc.taii the tail set of Definition 3.12. It then follows (see the proof of the 
analogous Lemma 12.4.1.1 in [16] for details of the proof) that: 

Lemma 3.16. For any i e aZ"^, a G {2^",n e N}, 

QkMih^ = T-^{QkMil)^ [n(A*<'^))](Qfe^tail:0 = l (3.40) 

Moreover Ti{^'^'''>) ^ ^i\' if and only if Qfe,taii; i H Q/i,taii = 0- 



Lemma 3.17. For all 7 small enough the following holds: for any i G aZ'*, a G {2 ",n G N}, /x'-''^ 
and Ti{ii^ >) , h ^ k, are mutually singular and Qfe,taii: i H Qh.taii — 0. 

Proof. By Lemma 3.16 it suffices to show that ^^'^•' 7^ Ti{fx^^'>) which is proved by the same argument 
used to prove Lemma 12.4.1.3 of [16], we just report the main steps. Suppose (without loss of 
generality) that k G {1, .., 5*}, i.e. /i*^*^^ an ordered state. 

Since Ti{^^'^') is invariant by translations of i+l/, for any i G aU^, a G {2~",n G N}, we may also 
restrict to t^ with i £ C^ ^ f]aZ,'^. Let A be a 2?^^+ ^-measurable cube, \q\{k) \ the number of particles in 

q\ with spin s = k, then /i'-'''M — rr-j — ) ~ /i^'^M — ° .. , — ) because /x'^'*^ is invariant under translations 
in f+Z''. /i*-''^( — |— I — ) is then bounded from above by 

(Pi'^' + C) + A*('^Hle(.o)^.^^V^) < P^t' + C + c[e-''(^V4)C^.l]i/2 



c=^;V''Hk<,(^..(,)n^/^<^;'/'( E i^^'HKMm) 



1/2 



c<^)cc^'+' 



having used Cauchy-Schwartz. Since the energy is non negative, 

2 

Thus in conclusion 



n>l 



^(.)(kA(^) <^W + (^ + ^.^-^(cV8)C^^l) (3.41) 



For any j G Q)+' D aZ"^, Tj{A) D Ao, Aq = A \ S-^'^IM- Let Na and Na„ the number of pf^+^-cubes 
in A and Ao, then for any i G Cg n aZ'' 

[T.iM m |A| ^-^ ^ |A| ^~ iVA^ ^ ei ^ 
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Wc then write ^('=)(^^) > ^^(^^le^.^o)^,) and get 
[r.(M('=^)](^) > ^ip^t' - 0(1 - e-/'(^V4)C^.l) 

which is strictly larger than the r.h.s. of (3.41) for A large and 7 small. Thus Ti(/i('^') ^ /x''*-'. D 



We will prove translational invariance for special values of the mesh, a G {2^",n e N}, the general 
case follows by a density argument completely analogous to the one used for the LMP model, see 
Subsection 12.4.2 of [16], which is therefore omitted. 

Theorem 3.18. For all k G {0, .., S} and all 7 small enough the measures /i^*^-' are invariant under 
translations by Ti, for any i G aZ'', a G {2^", n G N}. 

Proof. Fix a G {2~",n G N}. Since Ti{jJ^'^^) is invariant under translations in £+Z'', the measure 

^ T,(/xW) (3.42) 



is invariant under the group of translations {r^, i G aZ }. Then by (3.36) 

V = woA*^°^ + • • • + usp^'^'> (3.43) 

By Lemma 3.17 Ti(/i('^^)(Q;i^taii) = for any h ^ k, such that v[Qh.ta.ii) = 0. On the other hand 
M^''^ (Qft^taii) = 1, therefore in (3.43) m/^ = for all h ^ k and hence j/ = ^^^''^ • H there is i G C^^+^ HaZ'' 
such that Ti{fi^'''^) ^ /iC"), then again by Lemma 3.17, Ai'^''H2fc,taii;i) = and [Ti(/i(''))](Qfe,taii;j) = 1 
which contradicts (3.42) (as we have proved that v = /u'^'^''). D 



Part 2. 

In this part we prove Theorem 3.2, thus we show that there is a constant c* such that the Peierls 
bounds are satisfied with constant c = c* /2 where we say that the Peierls bound holds with constant 
cif 

W'='*™'=(r|g('^))<exp{--/3cC^^liVr}, iVr = ^^^f^ (3.44) 

for all /c, for all bounded contours of color k and for all fc-boundary conditions q-^'. 



4. Cut-off weights of contours 

As explained in Subsections 11.4 and 11.5 of [16], following the approach of Zahradnik,[18] we introduce 
the cutoff contours weights. 

Given any k and any fc-colored contour F we are going to define the weight VF'-'^-'(F|<7) for any configura- 
tion q which is a fc-boundary condition for c(F) in (4.5) below, the definition will imply that VF''°'(F|(7) 
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depends only on the restriction of q to {r e ciJY : dist(r; c{T)) < 2-f-^}. For T = (r(l), .., T{n)) e 8% 
we call 

n 

wi''\T\q^) = l[wi'\m\q^), Xji(gA)= ^ wi'\T\q^) (4.1) 

«=i reBX 

and for any bounded, simply connected I?^ +-'-measurable region A and any /c-boundary condition 

_ (k) . . . . . . A • - 

qA" G ^A" ^^ introduce the fc-cutoff partition function in a region A with b.c. q\<: as 

M'Ua-Ac)= / 

(fc) 



zlliqAr^) = / ,,, e-^^-^^(''^l'?A=)xi':),(<ZA)Krf9A) (4.2) 

With same notation as in (3.4) we then define 

A/'f'(r,ge(r)0= / e-^^-<n.^fep<r,kc<r,0]^^.(^^)^^,^(^^j^(rf^^)^(d^^^ (4.3) 

"'Tf,p(r)(r;r) j^i 



VI 



=p(r) j=l 



All the above quantities depend on the weights {W^ (r|qc(r)=)} which we define (implicitly) by 
introducing first a constant c^ > and then setting 



Wf' 



(rl.e(r)O --in{%i£l^^i£):l,e-''-cV..} (4.5) 

^Pf(r,g,(r).) J 

(4.5) is not a closed formula because the r.h.s. still depends on the weights, however the contours on 
the r.h.s. are "smaller" and, by means of an inductive procedure, it is possible to prove there is a 
unique choice of VF^ (r|gc(r)^) such that (4.5) holds for all fc, all T and all gc(r)<:, see Theorem 10.5.1.2 
in [16]. 

The important point of these definitions is that if the estimate (4.6) below holds, then the cut-off 
weights are equal to the true ones. This is the content of the next Theorem whose proof is omitted 
being completely analogous to Theorem 10.5.2.1 in [16]. 

Proposition 4.1. Suppose that for any k, any contour T of color k and any k-houndary conditions 
Icivy- for c{T), 

iyf(r|,,(r)0<e-^-'^^^-^^ (4.6) 

then 

w^f (r|g,(p).) = w-'='*'--(r|gW) (4.7) 

We will prove that if c^ > is small enough then (4.6) holds for all 7 correspondingly small. The 
main ingredient in the proof of (4.6) is the exponential decay in restricted ensembles proved in [7]. 



5. Proof of the Peierls bound 

The proof of (4.6) is based on an extension of the classical Pirogov-Sinai strategy, we refer to Chapter 
10 of [16] for general comments and proceed with the main steps of the proof. Most of it follows from 
Chapter 11 of [16] and Theorem 3.1 of [7]. Precise quotations will be given in complementary sections 
where we will also add proofs to fill in parts not covered by the above references. 
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5.1. Energy estimate. The first step is tiie following Theorem. 

Theorem 5.1 (Energy estimate). There is Ci > such that the following holds. Given any c' > 
there is c such that for all X: |A — A^| < c'7^", for all k, for all k-contour T, for all k boundary 
conditions qc{r)': o,nd, for any Cw > 0, the following estimate holds for all 7 small enough: 

A/^ [^,<lcirr) ^ g-/3[ciC'-c7i/2-(a+-a_)d]£lArr TT ^int, (r)),AUsp(r) i ,^ ^, 

where for any bounded 1)^^+' -measurable set fi, 

U{n) = f [ef (pC^)) - ef{J,*xl^})] f efiJ.^xi'h (5-2) 

Xnhx, s) = pi''h^^^^^-i/2^d (5.3) 

and p^^i a minimizer of F^j^ , see (1.1) j. 

In classical Pirogov-Sinai models with nearest neighbor interactions the analogue of Theorem 5.1 

follows directly from the extra energy due to presence of the contour, here contours have a non trivial 

spatial structure which leads, after a coarse graining a la Lebowitz-Penrose, to a delicate variational 

problem. 

Theorem 5.1 will be proved in Section 6. 



5.2. Surface corrections to the pressure. We exploit the arbitrariness of Cyj in Theorem 5.1 and 

fix 

Cw = — (5.4) 

100 ^ ' 

such that the first factor on the r.h.s. of (5.1) is consistent with (4.6) but we need a good control of the 
ratio of partition functions in (5.1). As typical in the Pirogov-Sinai theory a necessary requirement 
comes from demanding that the pressures in the restricted ensembles are equal to each other, a request 
which will fix the choice of the chemical potential. 



Theorem 5.2 (Equality of pressures). For any chemical potential A G [A^ — 1, A^ + 1] and any van 
Hove sequence A„ -^ M. of 1)^+' -measurable regions the following limits exist 

lim -^ log z['}^{qA.) =: Pi°'''\ for alike {!,..., S} 

and they are independent of the sequence A„ and of the k boundary condition q\c . Moreover there is 
Co > and, for all j > small enough, there is Xp,^, |A/3^-y ^ A/jj < cqj^''^ such that 

^i"''' = Pf ""'') =: Px, (5.6) 

A/3,-, A/3_^ '^fi,t \ I 



Theorem 5.2 is proved in Appendix B. The existence of the thermodynamic limits, (5.5), is not 
completely standard because there is the additional term given by the weights of the contours. However 
the Peierls bounds (automatically satisfied by the cut-off weights) imply that contours are rare and 
small and can then be controlled. The equality (5.6) is more subtle, it is proved by showing that (i) 



20 A. DE MASI, I. MEROLA, E. PRESUTTI, AND Y. VIGNAUD 

P^^ and P^ ^^°^ depend continuously on A; (ii) by a Lebowitz-Penrose argument they are close as 
7 ^ to the mean field values; (iii) the difference of the mean field pressures changes sign as A crosses 

By Theorem 5.2 at A = Xp_-y the volume dependence in the ratio (5.1) disappears and to conclude the 
estimate we need to prove that the next surface term "is small" . This is the hardest part of the whole 
analysis where Theorem 3.1 of [7] enters crucially. 

Theorem 5.3 (Surface corrections to the pressure). With c^ > as in (5.4) there are 70 and c such 
c such that for any 7 < 70, all bounded 1)^^+' -measurable A C M."^ and all k G {1, . . . , 5 + 1} 

log{eP'^(^^zi%Jx'-Ah} - /3|A|Pa,„| < c7^/^|<5f+(A)| (5.7) 

with Xp^^ and P\„ as in Theorem 5.2. 

Theorem 5.3 is proved in Section 8. 



5.3. Conclusions. By Theorem 5.3 with A = intj(r) 



JlkAirA,(T)) y{k,) I (k,) 



log{e'^^^^-^"^^^^^^^^,\,XV),A,,.(C(^))}-/3|int,(r)|P.,,, < c'7^^1Ct[int,(r)]| (5.8) 



OT,(int,(r))5,(fc) / (fc) 



log{e'^^^^'"*^-^^^^CMr).A,„(xlp(r))} - /3|int,(r)|P,,,^ < c'7^/1Ct[int,(r)]| (5.9) 

Hence by (5.1) 

2?f (r,gc(r)0 
the last holding for all 7 small enough. By (5.4) we have then proved (4.6) and (4.7) yields 

^fc,truc(p|^(fe)) <g-/3(ci/2)c^£liVr^ for 7 Small cuough (5.11) 

6. Energy estimate 

The proof of the energy estimate (5.1), is divided into two steps. The first step (Theorem 6.1 below) 
is the proof that it is possible to reduce to "perfect boundary conditions" , namely to reduce the 
analysis to partition functions with "perfect boundary conditions" , i.e. with boundary conditions 
p^^\ one of the minimizers of the mean field free energy functional. This implies that we can factorize 
with a negligible error the estimate in int(r) from the one in sp(r). The second step in the proof 
of (5.1) involves a bound on the constrained partition function in sp(r) which yields the gain factor 



6.1. Reduction to perfect boundary conditions. Without loss of generality we fix k and restrict 
to contours F = (sp(r),77r) with color k and define regions in c{T) as follows. The construction is the 
same as that used in Chapter 11, Subsection 11.2.1 of [16] to which we refer. 

We denote by intii(r) the maximal connected components A C int(r) such that Q{r]q) = h for all 
r€(5f+[A]. We call 

Ai := <5L[c(r)1, A2 := Si^.WY U Ai], A3 := Si^.Wf U Ai U A2], £ :- ^+/8 
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These are successive corridors that we meet when we move from c(r)^ into sp(r). In all of them rj ~ k 

3 
and the region where 77 7^ fc is far away, by 1+ — -(■+■ When approaching sp(r) from int^(r) we see: 

8 

Af ) := <5iJint,(r)] U C[int,(r)], A^'^' := 5LA^f\ h may also be = k 

By the definition of contours the above h corridors are in a region where ryr = h, and the distance 

2 

from where rjr 7^ h, is £^ — -i+- We then call 

8 

B = B^''^ U B^'^\ Bo - i?^'^ U i?(") (6.1) 

where 

^(h) ^ ^{h) ^ ^(h) ^ ^(fe) ^ ^{k) ^ ^{k) u Ai U A2 U A3 (6.2) 

B^'^) = Af^nsp(r), B('=' = A2U(Af nsp(r)) (6.3) 

and finally, letting A4 = IJ^ A4 , A5 = IJ/i A5 \ we define 

A = sp(r) \ (Ai u A2 u (A4 n sp(r))) , A' = A \ (A3 u (A5 n sp(r))) (6.4) 

Observe that the points in A interact only with those in B^ C A^. 

After a Lebowitz- Penrose coarse graining in B we will reduce to a variational problem with the free 
energy functional F* defined in (6.15) below. We will prove existence and uniqueness of minimizers 
and their stability properties concluding that with "negligible error" we can "eliminate" the corridor 
Bq in (5;^ [ sp(r)] which separates int(r) from the rest of sp(r), their interaction with Bq being replaced 
by an interaction with perfect boundary conditions. 

Given any set 51 C M'', any b.c. qqc and any measurable set A C Qo, we call 



^n,A 



{A\q,r) = / e-^^"--(«'^l9"=)i.(d<7o) (6.5) 



Theorem 6.1 (Reduction to perfect boundary conditions). There are c, c' > such that for all X: 
1-^ ^ -^/3| !i c'7^'^, for all 7 small enough for any k € {1, . . . S + 1}, any contour T — (sp(r),?7r) of 

(k) 

color k and any boundary condition Qctry G '^^Vry ^^^ following holds. 
Recalling (5.3), we call 

XBo = V X^^l) + X%) (6.6) 

h^k 

Then, with F* defined in (6.15) below, and A as in (6.4) 

A/;, (l,'?c(r)-)< e f i\.'^int^^y{^),xyXgw) 

h ° 

xZA^x{MqA;-)=Vr{-)}\xB„) (6.7) 

We first rewrite Af^ -^(F, (7c(r)=) ^s follows. 
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Lemma 6.2. There is a non negative, bounded function (t>{qc{r)\B) whose explicit expression is given 
in (6.11) below, which vanishes unless the phase indicator ??(?'; <7c(r)\B) verifies 

jk ifdist{r,B('^^)<2j-\ 
^^^■''^<-^\-^-[h ^fd^st{r,Bi^))<2,'^ ^'''^ 

This function cj) is such that 

n ^BW.\[XBw\Qc{r)\B)di^{qc{r)\B) (6.9) 



Proof. The argument is the same as Lemma 11.2.2.3 of [16], for the reader convenience we report it. 
We drop the dependence on A from the notation. 
We call 

Ah :=int(;,)(r)nB" 
and we define 

0.(<ZaJ = l{,(,;,,j=,,v.eA,}e-'^^^'>(«^'-)x|„^)^^(j,)(gAj 

Recall that X)j ^^((7^) depends only on the restriction of q^ to A' where A' is the set of all r at distance 
< 7^^ from A''^ = A\S^j^[A]. In fact all contours T which contribute to Xj^ 3^(g^) have spatial support 
in A°. For this reason we can change arbitrarily qa in the complement of {r : dist(r, ^°) > 27^^} 
leaving unchanged X.^\^{qA)- Thus 



X 



W (^. .^.^-yC*) 



,)(r)fent(.,(r)) = X ^^^^^(p)(gAj (6.10) 



because Ah contains all r : dist(r, int(;j-)(r) \ (5j + [int(^)(r)]) < 7 "'". 
Analogously, caUing 

Ao = sp(r) \ B 
we define 

MIA0) - l{^(r;,A„)=^r(r),reAo}e"''^^«^'^''^ 

Since 

qc(T)\B = qAo u gA, IJ qA^ 

by setting 

'I>{<1c{t)\b) = (t>o{qAo)4>k{qAk) W_(l>h{qK^) (6.11) 

h^k 

and recalling (6.10), (6.9) becomes an identity. D 



We postpone the proof of Theorem 6.1 since it uses a coarse graining in B that reduce to a minimization 
problem for the free energy functional that we define in the next subsection. 
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6.2. Free Energy Functional. The LP (Lcbowitz Penrose) free energy functional F* , defined in 

(6.15) below, is a 7^^/^-discretization of (1.10). 

We start by recalling properties of the mean field free energy proved in [7]. 

Recalling (1.1), we call F™^ ~ Fa^\ ^tnd we observe that the minimizers p^''\ k — 1, . . . , 5 + 1 are 

critical points of F™^, namely they satisfy 



P^^' 



exp{-/3{^pl?-A^}}, foralls = {l,...,5} (6.12) 



S'y^S 



We will denote the common minimum value of F^^ by 



= <(P^'^) (6.13) 

Furthermore F™^ is strictly convex, namely there is a constant k* > such that 

(z;,lW«) = VL«(s,s')«(s)t;(s') > k*{v,v), lW(s,s') = -^ls=s' + Wv (6.14) 



Let A be a D^^ ■*- measurable bounded region of K'*. Given two non negative functions, p and p 
defined in R"* and D^'* ^- measurable, we call p\ the function equal to p in A and equal to in A"^. 
Analogous definition for p^c. 
We define 

FaAp^Ipa^) = n,A(PA) + 7"'/'(pa,V^*PaO, n,A(PA) = 1-'^'{1{pa,V*pa) - ^{1a,Ix{pa))} 

(6.15) 
where, setting £,-y = 7~^/^Z'^, 

S 

xGH^i s=1 

and the matrix V* = (V*{x,s,x', s'),x,x' G £^ n A, s, s' € {1, . . . , S}) is given by 

V*{x,s,x',s') = ls<^sV^{x,x') (6.17) 

%{x, x') = j-''^^ E -^7(2;, yh-''^^My^ 2;') (6.18) 

J^{x,y)^-f 4 J^{r,r')drdr' (6.19) 



Finally Tx in (6.15) is 

2^A(pA)(a;,s) = S{p{x,s)) - /3A, 5(p(x,s) = -pA(a;, s)[log/9A(a;,s) - 1] (6.20) 



The relation of this functional with the model is given in the Theorem 6.4 below. Let A be a V^^-^- 
measurable bounded region of M'^. Recalling the definition (2.6) and (2.7), we shorthand n{x, s; q) — 
rv-^ {x, s; q), and p{x, s; q) — p^'* {x, s;q) s G {1, . . . , S}, x G £,j. 
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Definition 6.3. (Space of densities). 

We call Maj the space of non negative, D^^' -measurable functions defined in A (Z M''. Thus the 
elements pA G A^A/ are actually functions of finitely many variables, i.e. {p\{x),x G £Z n A}. 
Given any u > we denote by 

B*{u) ^ {pA e A^A 7-1/2 : / PK<u} (6.21) 

and we call 

B{u):^{qA:p{-,qA)eB*{u)} (6.22) 

Analogously, given any A* C B*{u), we call A = Jqa ■ p(s ^a) G ^*}. 

Given a configuration q^c and recalling the definition of the constrained partition function given in 
(6.5), we have: 

Theorem 6.4. There is c > such that the following holds. For any p* >niaxniaxp^ ' and for any 

A*(iB*{p*) 



logZA,x{A\qA^)+f3 inf Fl^ipAlqA^) < cj^/^\A\ (6.23) 

PAeA' 

The proof of Theorem 6.4 is the same as the proof of Theorem 11.1.3.3 of [16] and it is omitted. 

In Theorem below we state what we need in order to prove (6.7), its proof is postponed to Section 7. 

Theorem 6.5. Let T be a contour of color k and qcCrY ^ '^dVY' ^^^ ^ ^^ ^^^ '^^^ defined in (6.1). 
Given any 9c(r)\B such that rj ~ h in S2ut [B^^'], for all h, let q :~ qc{r)\B U 5c(r)=- 
There are positive constants c and lo and for all h there are positive functions p*r,(h) G M^ih-) ^-1/2 fl 
Xr,(h)! such that 

Pb(mM = P^"\ VreS^'*) (6.24) 

and furthermore for all h and all Pbw £ A^^C') ,7-1/2 n Xr,(h)! 

PBW,\APBw\Qc(r)\B) > Fg^^^ .{pg^H)\qc{^)\B) - ce""'^^+ (6.25) 



6.3. Reduction to perfect boundary conditions, conclusion. Theorem 6.5 is the main model- 
dependent estimate needed for the proof of Theorem 6.1 the others arguments are the same as in 
Subsection 11.2.2 of [16]. We thus only sketch them. 

Going back to (6.9), we first observe that if psw G X^^lJ then psih) e B*{u) (see (6.21)) with 
u = p^^'^ + C- Then by Theorem 6.4 

logZs,,,Jx^^%\qA < C7i/2|SW| -/3infF;,„ ^{pBi^Mh) (6.26) 

where we have set M^ — Mg(.h),y-i/2 n Xj^fl^, qk — qc{T)\B U qc{rY and qu — qc{T)\B li h ^ k. Since 

the dependence on A in -F'n(h) x is given by the term —A / pg(h){r)dr, for all A: |A — A^| < c'7^", 

Jbw 
we have 

\F;,,,Jps,.Aqh) ~ F;,,,.^^^{psi.,\qh)\ < cj'/'\B^^^\ (6.27) 

Thus from (6.26), (6.27) and Theorem 6.5 we get 

logZBi.,^^[x^gt\^h) < C7'/'|S<'''| -/3F^(.,,a,(Pb('.)I9'0 (6-28) 
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Using the formula 

FAuB.\{pALiB\P(AuBY) = ^1,a(pa|P(Aub)0 + Fh,\{PB\p(AuBY + Pa) (6.29) 

setting 

Q(h) _ (^(/i) \ Q{h)^ ^ gp(p-)^ ^(h) _ ^(h) ^ int(^)(r), h^k (6.30) 

and using (6.24), we have 

^BW xAp*B(h)\qh) ^ F*^h) iXMh)) + F*w (p* (ft)lx (h) +gsp(r)nB<=) 

+^r(m X (P* (M IXr(1) + QintannsO (6.31) 

By using that |A — A^gj < c'7^" we replace A/3 by A in the last two terms with an error bounded by 
C7^'^|i?| and then use Theorem 6.4 "backwards" to reconstruct partition functions. We then have 

+ logi^w_;,(A'^'|l)|x^^l) Ug,p(r)\B) logZ^cM ;,(a'^^w|xJj^I) Ugi„t(^,(r)ns<^) 

= C7i/^|B('^)| - /^^^(M^./x;^'?.,) + log Zi„t„ A (%;;?.,) (6.32) 

Since an analogous bound holds for —(3F*^f,^ . {p*bw kfc), we then get (6.7) from (6.9) and from (6.11) 
thus proving Theorem 6.1. 



6.4. Reduction to uniformly bounded densities. The main step to conclude the proof of the 
energy estimate, is to bound the last term in (6.7), namely .Z'a,a({v(9a; •) = ^r(')}IXBo) with A as in 
(6.4). Also here we use coarse graining, but since the number of particles is not bounded we cannot 
apply directly Theorem 6.4. The same difficulty is present in the LMP model and the arguments used 
there can be straightforwardly adapted to the present contest. The outcome is Theorem 6.6 below 
which is the same as Proposition 11.3.0.1 of [16] to which we refer for proofs. 

We need some definitions. Let Pmax be a positive number such that 

log p^ax > /3[1 + A^], pn,ax > maxmaxp^'*) + C, V ' ' , < e-^'^"'"-^- (6.33) 

h s ^ — ' n! 

1 K* 

< — , K* as in (6.14) (6.34) 
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For any p\ E A^^, 7-1/2, recalling (6.4) we call 

Co(pA,C/2,A') = {C^) C A' :r7«/2^^-)(pA;x) = 0}, 7Vo(pa, C/2, A') - |Co(pa, C/2, A')| 

We also call C^{pA, (/2, A') the collection of all pairs of cubes {Cxi , C^^) both in T)^- and such that 
C^^ C A', « = 1,2, Ca;^ n C^^ ^ 0, 'n^^/'^'^-\pA;Xi) = ki, i = 1,2, fci ^ fca. We require that 
C^(pa, C/2, A') must be maximal, namely any pair (C^' ,Cx') that verify the same property must 
have at least one among C^' and C^' appearing in C^(pA, C/2, A'). We denote by N^{pty,C,/2,h') the 
number of cubes (cubes not pairs of cubes!) appearing in C^{pA, C/2, A'). 
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Theorem 6.6. Let pmax be as in (6.33) and (6.34). There is c > such that for all 7 small enough 
and for all A such that |A — A^| < c-y^''^ . 



logZA,4{,7(gA;.)-77r(-)}|xso)<-niin|m£l| + /3 inf FI^{pa\xb„)} + cj'^Ml (6-35) 

where, recalling (2.16), 

5m(Pmax) := jpA G 7^^,^-1/2 : Pa{x,s) < pmax, Vx G A H 7^^/^Z'^, Vs anrf 

7V^(pA,C/2,A')+iV;,(pA,C/2,A') > ^'"^^'"" l (6.36) 



6.5. Free Energy cost of contours with perfect boundary conditions. The main result in this 
Section is Theorem 6.8 below which gives a bound of the inf on the right hand side of (6.35). This 
estimate is the same as the one given in Theorem 11.3.2.1 of [16] to which we refer for proofs. 

In the sequel il denotes a bounded, connected D^^ '-measurable region such that its complement 

is the union of p > 1 (maximally connected) components fli,...,flp at mutual distance > 7^^ (such 

p 
that they do not interact): 51^ = I J il^. The boundary conditions are chosen by fixing arbitrarily 

ki e {l,..,5'+ 1}, i = l,..,p, and setting p^*^'' on fi^, Analogously to (5.3) we will denote for any 
s€{l,...,S}, 

xihr, s) = E ^S^(^' ^)' £f(^' ^) - Pi^'^^ren,, k={h,...,k,) (6.37) 

The reason why the region H, is D^'' '-measurable is that we are going to use Theorem 6.8 with 
f^ = A, A as in (6.4). 



f^'W{x,s) = ef^i^P)ix,s) - -V(x,s)[logV'(x,s) - 1] (6.38) 



Recalling (1.7) we set for any given ip, 

1 

so that recalling (1.1), 

{f^'{^),ln)= Y. F^l{n^A),-M^,S)) (6.39) 

Given a kernel K{x, y), x,y £ y~^l'^lfi , we denote by 

K^^{x,s):=y-^l'' J2 K{x,y)i^{y,s) (6.40) 

j/e7-i/2zti 

as a consequence 

J^*l = l (6.41) 

With this notation, we the following holds. 
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Lemma 6.7. Let ft C R'^ and Xjji as above. Let p^ be any V^^ ' -measurable function. Letting 



we get 

where (recall (6.16)), 



n=J.,*{pn + xih (6.42) 



F'^M^Pn\xi) = l-^'^{F^ + F2 + i^g} (6.43) 



Finally 



Fi = (rf(7^),lo), F2 - ^(5(7^) - J^*S{pn + Xn^)An) 

F3 = (r'■(7^) - r'{J, * xoO, loc) + ^(5(7^) - J^ * 5(pn + Xoc), lo.) 

-(r'(^7 * Xoc), In) - -^ (5(J^ * xoO - ^7 * '5(xoc), 1) (6.44) 



i^3> 51 Ifc. ("'"*) (6-45) 



Proof. Recalling (6.20) and (1.7) we rewrite (6.15) as follows: 

F^.^,{pn\^nh = 7-'/'{«(7^) - <( J7 * X®), l) ^ ^(^(po), 1)} (6.46) 

By adding and subtracting —(3^^{S{TZ), 1), we then have 

Fn.,,{pn\x[ih - 7-'/'{(.r'■(7^),l) - {e^;^{J, . xi^),l) + ^{S{n) - S{p,,),l)} (6.47) 

We add and subtract —j3^^S{J^ * Xlv)} to the second term in (6.47) and we add and subtract 
(iS(xqc ), 1) to the last term. We also use that by (6.41), for any ?/;, (J^ * S{ij)), l) = {^{i})), l). We 

thus get (6.43). 
p 

F3 = ^ F^\ where F^^ is 

i=l 

F^ = (rf(7^) - rf(J^ * xnj, loj + ^(5(7^) - J^ * 5(po + xnj, loj 
-(/'"'(^T * Xa), lo) - -p{S{J^ * XoJ - i^ * '5(xJiJ, 1) 

where Xfii = Xo<: > see (6.37). By convexity the second sum in the definition of Fg is non negative. 
Also the first term is bounded from below by replacing replacing TZ. by p^^^\ such that 

pi^) > (/.nf (^(fe.)) _ jmf ( j^ , x[,';^ loO - (.r''( J7 * ^l^i In) 

-^(5(J^*xL';V^7*'5(xnJ,l) 
All the entropy terms cancel with each other, so we get (6.45). 

n 

Given a function p defined in ilx{l, . . . , S*} and V^'^ ^-measurable, let Nq{p, (^/2, 51) and N^{p, (/2,fl) 
be the numbers defined in Subsection 6.4. 



28 A. DE MASI, I. MEROLA, E. PRESUTTI, AND Y. VIGNAUD 

Theorem 6.8. Let ci be such that 4ci3 = {32/3/9max}^^ with pmax <is in Theorem 6.6. For any 
ri C R'', Xjii ^nd po OS in Lemma 6.7, if sup p^^ix , s) < Pmax; then 

x,s 
i=l 

where (j) is defined in (6.13) and 

Ifc.(f^, n,) := ([e^y^^^) - e^l{J^ * X^''^)], lo.) - {e^l{J^ * xL''^), lo) (6.49) 

The proof is the same as the one of Theorem 11.3.2.1 of [16] and thus is omitted. 



6.6. Energy estimate, conclusion. In this Subsection we conclude the proof of Theorem 5.1, the 
arguments we use are taken from Subsection 11.3.3 of [16]. 
By (6.35) and (6.48) there is a constant c such that 



logZA,;,^,^(MqA;.) = r,r(-)}|xso) < -/3(0|A| + ^ 4(A; 4"') 

h 
m>0 2 2 / 

For all 7 small enough (recall that C = 7^)^ the min is achieved ai m — such that (3^ > 1), 
logiA,A,„,(MgA;-) = ^r(-)}|xBo) < -/3(<^|A| + ^I,(A;i?('')) 

h 

+ciiVrC'^l)+c7i/2|sp(r)| (6.50) 

which inserted in (6.7) yields with a new constant c: 

Af^''^(T a r^.aX p-/3ci^rC'^l+c7^/"|sp(r)|TT ^W ( (h) . 



h 



xiA,a(A'i';'|x^(.,+9c(r)c) 



Xg'/3(^5o,A^(Xi.o)+</'|A|+2:^I<>(A;<')) ^gg^^ 



Since F^ ^ {xb„) == T,hKw . (xj^'w), we have 



n„,A,(XBo) = '^iSol - Ife(Ai; Sf ) - ^ [I,.(A; B^''^) - I,,(int;,(r); S, 

therefore the exponent in the last term of (6.51) becomes 

-/3(0|A U Sol - 4(Ai; B^J"^) - ^ I,,(int;,(r); <))^ 

Going backwards we write 

cj,\A U Sol - nuB„,A,(xSB„) + Ife(Ai; B^'^) + Ife(int(r); i?o) 



r) 



CONTINUUM POTTS MODEL 29 

thus after some cancelations 

" h:h^k ° ° 

Let p = [p^'^^, [p^'^^] be the element of {7''/^n,n e N} closest to p^'^'' and let B = {(?auBo ^ 
p''^''"H-,qAuBo) == [/?(''']}• Then for all A such that |A- A^| < cj^/^, 



1/2n 



Let g be any configuration in A U Sq such that p^'^ )(•; g) = [p*-*^-*], then 






Analogous bounds hold for the other partition functions such that K is bounded by 

From (6.52) and (6.53), (5.1) follows with ci as in Theorem 6.8. D 

7. Critical points and minimizers in a pure phase 

In this Section we prove Theorem 6.5, by analyzing a variational problem for the free energy functional. 
We need a similar result in Section 8 in the proof of Theorem 5.3 for an interpolated functional. We 
thus state the result in a way that includes both cases. 
We study the variational problem 

min /A,t(pA;pA-), PA- ^^ X^J , te[0,l] (7.1) 

where, recalling (6.20), 

IaApa; PA^) = tFl^^{p^\p^.) + {1 - t)[h{p^) - ^J2 E SipAix^s))] (7.2) 

s xeAn-i-'^/^Z'' 

where F* is defined in (6.15) and 

s xeAnf-'^^^Z'' s'^s 

We prove that away from A'^ the minimizer is exponentially close to p^*^-*. The constraint pA G A"^ , 
namely rj{-; pa) = k, is essential as it localizes the problem in a neighborhood of the (stable) minimum 
where it is possible to prove that the critical points, i.e. the solutions of the Euler-Lagrange equations, 
converge exponentially to p^'^' . 

Thus in this Section we prove the following result. 

Theorem 7.1. Let A be a 1)^^+' -measurable set and let p\c £ XJ^a . Then, for any t G [0, 1], there is 
a unique minimizer p\ £ A"^ of the variational problem (7.1). Furthermore there are c and lu both 
positive such that 

|/5A(r,s) - p^J'^l < ce-''"^'"*(''''^'\ and all s G {1, ..,5} and all r e A (7.4) 
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Observe that Theorem 6.5 is a corollary of the above Theorem for t = 1. 

In Section 5 of [7] we have studied a similar variational problem but there the constraint was on the 

(k) 

single variable pA G A'^ because the functional considered there had as main term the Lebowitz- 
Penrose free energy on the scale i^ . Here we have a " simpler" functional but we have to face the new 
problem of controlling the fluctuations of p\ from its average on cubes of site i- . 

7.1. Extra notation and definitions. In this Section we will use both the lattices 7~^/^Z'' and 

iJL'^ . We thus define the following. 

• Jif denotes the Euclidean space of vectors u = (u(a;, s),x E An £1,'^, s G {1, ., S}) with the usual 

s 
scalar product (u, v)i — N, /, ^{^^ s)v{y, s). For £ — ■j^^'^ we simply write (•, •). 

• For any x G ^j^^l'^U^ we denote by Zx <E t-U^ the point such that x G CzJ . For u = {u{y, s),y G 
7-i/2z'',sG {!,.., 5}) we let 

-d/2 

£l 



Av{u;x,s) ^ —-J— Y^ u{y,s) (7.5) 



y&cii^^nj-^/^z-i 



and we observe that 



X[^'> :={pa: |Av(pa;x,s)-p^)| <C, for all a; G 7^^/^Z'', .s=1,...,5}) (7.6) 

• We fix a P'^^+^-measurable region A and t G [0, 1] and omitting the dependence on A and t, we 
rewrite the functional (7.1) as follows. Notice that there are two equal entropy terms: one in F* 
multiplied by t and the other, explicitly written on the r.h.s. of (7.2), multiplied by 1 — i. The same 
holds for the terms multiplied by A^. Calling A''' the vector with components rs as in (7.3), we have 

f{pA;PA^)^l{pA,V;^tPA) + {pA,V^,tPAr^) + {l-t){lA,r^''^PA)~^{lA,I{pA)) (7.7) 

where {u,v) — {u,v)^-i/2, 

V*f{x, s, x', s') = Is^s'V^A^^ 2;'), X, x' G 7^-^/^Z'' (7.8) 

%A^,x')^t^-^/^ Y, J^{x,y)-f-^/\j^{y,x') 

j,g^-l/22ci 

J^ as in (6.19) and 

I{p!C){x,a) = -pf^{x,s)i log pf^{x,s) - 1 - (3\f3j (7.9) 

• We call J~f the kernel obtained by averaging over the cubes of I?(^-) while J^ is over those of 
2?(^-'''), thus 

J^{zx,Zy)^4 ^ 4^ J J^{r,r')drdr', x,y e j-^/^Z'' (7.10) 

We also define 

V^'i\zx,zy) = t I J{zx,r)J{r,Zy)dr (7.11) 

Observe that there is ci > such that 

\V^'^,-\zx,Zy) - %A^,y)\ < ci(7-''/'7')(7^-)l|.-,|<2^-i (7.12) 
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We introduce a e-relaxed constraint 

-1 



/^ = / + V ^ ^ ({(Av(pa; X, s) - [pf) + C]) + V + {(Av(pa; x, s) [p^J^^ C])-}' 



s a:eAn7-i/2z<i 

where (a)+ = ala>o, (a)- = alQ<o and pA G W 



(fc) 

A ' 



|pA:|Av(pA;x,s)-pW|<6,xeAn7-^/'Z^se{l,.,5}|, &= J min ||p('=i)-p('=^)| 



b is such that WJ^''^ n {p(i), . . . , p(^+i)} == pC^) and WJ^*"^^ n W^*""^ = if fc^ =^ fca. 
by p/ 
For any I?''' •'-measurable function ip{p), we denote by 

dp{x, s) 

/2\ 

^ -measurable f 
respectively D\f{p/i, 



(k) . (k) 

We denote by pA,e and pA the minimizers of /e in W]^ and of / in Wj^ . 

^(p), we deno 

Da^^ = { Q$^y X e j-^/^z" n A, 5 e {i, ., S}} (7.13) 

We say that a I?'''' ^-measurable function pA is a critical point of /g, respectively /, if Da/cCpa) = 0, 



7.2. Point-'wise estimates. In this subsection we prove some a-priori bounds on the fluctuations of 

the minimizers pA,£ and pA from their averages. 

We start from the latter proving the following result. 

Proposition 7.2. Let A be a 1)^^+' -measurable set and let p^c G XJi^J . There is c* such that for all 

7 small enough the following holds. 

(i). Let C C A any D^^-' cube. Let pa\c ^ ^a\c '^^'^ denote by pc — {paxctPi^") ■ V Pc is a 

minimizer of /(•; pc) in ^c then \pc{x, s) — pi \ < c*C, for all x E C O 7^^'^Z''. 

(ii). //pa <S Xj^ minim,izes /(• : pA<:) then |pA(a;, s) — pi | < c*( for all x e An 7^-^/^Z''. 

We postpone the proof of Proposition 7.2 giving first some preliminary lemmas. 

For any p = (pi, .., P5) G [—1, 1]"^ and any t G [0, 1] for C and pc as in (i) of Proposition 7.2, we let 

<7m(pc;Pc=,t) := ^(pc,V:;,tPc) + (pc,"l^;,tPcO + (l-t)(lc,r('=Vc)-^(lc,2:(pc))-(pc,M) (7.14) 

where 

{Pc,p)-^Y1 Yl PsPc{x,s) 

We regard 5^ as a function of pc ~ {pc{x,s) > 0,x e C C\^~^I'^'L'^ ,s G {1,...,5}}. ps has the 
interpretation of a chemical potential for the species s, r is an auxiliary parameter, we will eventually 
set T = 1, in which case g^ipclPcA) ■= fiPcPc-) - {PcP)- 



We let 

V'(x,s):=^ Y^ %,t{x,x')pc4x',s'), xeCn-f-^^^Z'' (7.15) 

s'#sa;'eC<=n7-i/2zd 
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and define the map T^ on {pc '■ Pc{x, s) > 0} by setting for x £ C (1 7^^' ^Z'^ 

{T^pc){x, s) = exp { - /3(t ^ ^ %4x, x')pc{x', s') + V'(x, s) ^ Xp ^ p^ + (l - t)r<:^^) } 

(7.16) 



Lemma 7.3. There is 70 such that for all 7 < 70 and all p E [—1,1], g^ has a unique minimizer 
Pc{'\ fJ'i t)- Furthermore for all p and t, 

Pc{x,s-p,T)<eP'^^^+^^\ a; eCn 7-1/2^^5 e{l,...,5} (7.17) 

Proof. Since {g^ < n} are compact for any n > and 5^ is smooth, then g^ has a minimum. Any 
minimizer (which is strictly positive because of the entropy term in g^) is also a critical point, namely 
a fixed point of the map T^, such that recalling (7.16), 

Pc{x,s)^cxp{~p{tY, E VjA^,x')pc{x\s')+^{x,s)-Xp-p, + {l-t)ri''^)} (7.18) 

s'y^sa;'eC=n7-i/2zd 

Since pc{x,s) > 0, tp{x,s) > 0, i < 1 and r^ > 0, then (7.17) holds for any minimizer. Thus 
any minimizer belongs to the set O ~ {pc ■ Pc{x,s) G [0, e'^"'^^^']} and O is invariant under T^. 
Moreover, for any x G C C] 7~^/^Z'', 

such that 

\{T,p'l,){x,s)^{T,p'c){x,s)\ < (/3e''(^^+i)c7'^/2) max yi^,{x,s) - p'c{x,s)\ 

For 7 small enough, Pe^'^^'^^^^c^'^^^ < 1 such that T^ is a contraction and the fixed point is unique. D 



Lemma 7.4. There is c > such that for all 7 small enough and with pc{'', (J-tT) as in Lemma 7.3, 

e-< < ^^%^ < e< (7.19) 

Proof. Recalling the definition (7.11) we use the estimate (7.12) to replace V^^t with V^ f . 

Thus, recalling the definition of tp in (7.15), since pcc g X^jJ there are C2 and C3 positive such that 

(below we shorthand y e C for y e C n 7^-'^/^Z'') 

E ETK,,t(:c,y)pc(y,s';M,r)+V'(2;,s) > ^{x,s) > i ^ [pif'-C]-C2(7^-) - t rW-(^-l)C-C2(7^-) 

and by (7.17), 

J2 E ^^7,t(2^: y)pc{y, s'; A^, r) + ^{x, s) < i[rW + (5 - 1)C] + e'^(^'^+i)c3(7'^l) + c^i^^-) 

s'^syeC 

Recalling that p^''^ = exp{-/3[r^''^ - A^]}, we then obtain (7.19) from (7.18) and (6.12) for 7 small 
enough. D 



In the next Lemma we prove that the minimizer pc{'', /^, t) is smooth. 
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Lemma 7.5. pc{'] M; ''') ^^ o, smooth function of fi ^ [—1, 1]"^ and t e [0, 1] (derivatives of all orders 
exist) and there is a constant c such that 

^Mw^>^e^..^W-cC, |^MWll)|<e(^^_)^, ,'^, (7.20) 

5pc(x.;M,r) , 

OT 

Proof. The minimizcr pc{x, s; ji) is implicitly defined by the critical point equation dg^/dpc{x, s) — 
0, see (7.18). Thus we call 

G{P, m) := P - Tf,p 
and we observe that 

dG{p,fi){x',s') 
dp{x, s) 
where 

A{x, s, x', s') = l(x,s)={x',s') + (3pc{x, s; p., T)TV*t{x, s, x', s') (7.22) 

By (7.17) this is a positive definite matrix and by the definition of V^,t* 

|A-i(x,s,x',s')- !(,,.)=(,',.')! ^c(7^-)'' x,x'eCn7-i/2zd (7.23) 

By the implicit function theorem we then conclude that the function pc{', M, '''), such that G{pc, m) = 
is differentiable and its derivative verifies 

^ A{x,s,x',s') — ^^— ^ — '-^ — ^ (3pc{x,s;p) 

Thus from (7.19) and (7.23) we get (7.20). 

Same argument applies for the derivative dpc{x,s; fj,,T)/dT. D 



■.^A{x,s,x',s'), x,x' eCDj-^/^Z'^ 



We next define 

RJn t) — (- 



Rs{p,T) -.^ C-^f E Pc{x,s-p,t) (7.24) 

a;e7-i/2zdnC 



Since C e 'D'^^-\ the number of cubes in V'^'^ ' contained in C are ( — tttt)'^, thus Rs(p,T) is the 
average density of the species s when the chemical potential is p. Our purpose is to prove that for 
any b = (6i, ..65), 6s "= [Ps — C, pi + C],s ^ 1, .., S, there is /i e [—1, 1]"^ such that 

Rsip,l) = bs,s=l,..,S (7.25) 



Lemma 7.6. For any bg E [ps C'/°s + C]; * G {^^--^S}, the equation (7.25) /las a solution 

p E [—1, 1]'^ and there is a constant c such that for all s, \ps\ < c^. 

Proof. We fix a vector bs E [pi — CtPs + C], s E {1, .., 5*}, and we first observe that the equation 
Rs{p,0) = bg has obviously a solution /i*(0), which, recalling (7.18), is obtained by solving 

(Ili^)'i y" g-/3(^(a:,s)-A^-M:(0))-(l-t)r<'=' ^ ^^ 

a;e7-i/2zdnC 

and by the same arguments used in the proof of Lemma 7.4, |/i*(0)| < c^. 
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We then for look for a function ij,{t), t E [0, 1] such that 

i?,(/i(T),T)-6„s = l,..,^ (7.26) 

By differentiating the above equation we get the following Cauchy problem for h{t): 

y dRA^ir),r) d^^Arl^_ dRsiKrhr) ^ MO) = M*(0) (7.27) 

^-^ oris' dr OT 

s' 

By (7.20) the S x S matrix {9i?s(/^(T), T)/d^s', s,s' — I, . . . ,S} has diagonal elements 

> pe'^pf^ - cQ (7.28) 



dRs{y.,T) ^ a.-PJk) 



d^is 

while the non diagonal elements are bounded by 

dRs{fi,T 



, ^^^^ ■\<ci,i^r (7.29) 

Thus (for 7 small) the matrix {dRs{iJ-{T),T)/dfis' , s, s' = 1, ... ,5*} is positive definite and invertible 
and depends smoothly on fi. As a consequence the Cauchy problem (7.27) has a unique solution and 
since by (7.21) 

\'-^\<chi-^.r (7.30) 

the solution fi{T) satisfies the bound |/is(''')| < c( for all s. D 



We now have all the ingredients for the proof of the Proposition 7.2 stated at the beginning of this 
Subsection. 

Proof of Proposition 7.2. 

Proof of (i). Let pc" G X^^ be a minimizer of /(•; pc) and call 

hs^C-^Y E pc{x.') (7-31) 

a;G7-i/2zdnC 

Since pc <E X(j , (see (7.6)), bg is as in Lemma 7.6 and therefore, for 7 small enough, there is 
/i — {ps, s ~ ^, ■■, S) such that 

— 1/2 

(^)' E Pc{x,.s;p,l) = bs, s-l,..,5 (7.32) 

a;e7-i/2zdnC 

Then writing f{pc) for fipc'-.Pc) and using (7.31), 

It ^ 

f{pc) = 9t,{pc; 1) + -^jj^ E ^^^^ 



and using (7.32) 



f{pc) < f{pc{-;p, 1)) = 9t^{pc(.-;P', 1); i) + -^^ }_^ b^ps 



Hence g^{pc) ^ 9fi{Pc{':pj 1)) and since by Lemma 7.3 the minimizer is unique we get that pc = 
pc{'] P'l !)• On the other hand by (7.19), there is c* such that for all 7 small enough, \pc{x^ s; p, 1) — 
P%\ <c*C for all X e C n 7-1/2^^. 

Proof of (a). Let pA G A"^ be a minimizer of /(sPA^) and let C C A be a V'^^-^ cube. We write 
Ph — {pc: Pa\c) and we prove that pc G X^ minimizes /(•; pa\c)- In fact 

/(pa;pa-) = .f{pA\c; PA") + f{pc; pa\c) 



CONTINUUM POTTS MODEL 35 

and if pc were not a niinimizer than for any niininiizcr p*u, calling p\ = {pa\Ci Pc)' ^^ would have 

fiPAlPA-) > .f{PA\c; PA") + f{P*c'' PA\c) > fiphPA") 

and this would be a contradiction. Thus pc is a niininiizcr and by (i) \pa{x,s) — pi \ < c*C,, x G 
C n 7^^/^Z''. The proof of (ii) then follows from the arbitrariness of C C A. D 



We will next consider e > and start by proving the analogue of Lemma 5.2 of [7]: 



Ik) 
Lemma 7.7. There is a constant c > such that for alle > small enough any minimizer pA.e G W]^ 

of /e is also a critical point and for all a; G A, and all s = I, . . . , S 

|Av(pA.,;x,s)-pW| <C + c{(^)'^/4log7-^}e^/* (7.33) 

Proof. We denote by 

Hpa) = E{(Av(pa; X, s) - [pf ) + C]) + }^ + {(Av(pa; x, s) [pi'^) - C])-}^ 

iGA 



Then for all pA G W^''^ 



;rV'(PA,e) < f{PA;PA-)-f{PA,e;PA-) + T^iPA) 

4e 4e 



and since ip vanishes on A"^ : 



— 1p{pA,e) < inf /(pa; PA<=) ~ fiPAy, PA") 

4*^ PAe< ' 



and, calling (/)' = min /(pa;pa<^), 0"= niin /(pa; PA<^) we have 

{(Av(pA,.; X, .) - [pi"^ + C]) + }4 + {(Av(pA..; x, s) - [pi'^'> C])-}* < H4>' 4>") (7.34) 



Let 



i? = max(pi'')+C), c' >0 such that |7"^/2^'^p^| <^'^^ (735) 

Given x, y G 7^^/^Z'' we denote by z^; G i-U^ the point such that x G w^" and analogously Zy G ^-Z'' 
is such that y G Clj," . Then for V}. t ^^ in (7.11), there is a constant c such that 

%.t{x.y)<cV\';\z^,Zy) (7.36) 

Observe that 

^ ^ PA(x,s)logpA(a;,s) ==^ ^ F^(^-^* [pAlogpAK^:^.) 

s 2;eAn7-i/2Zti s a;eAn7-i/2zd 

Thus by Jensen inequality, 

XI 51 pA(a;,s)logpA(x,s) <X ^ y^^ft"^ •PAlog[V^^ft-^ *Pa](^:.) 
s £ceAn7-i/2Z'' s i;eAn7-i/2Z'' 

Then, from (7.35) we get that for all pA G X''^^\ 

V- V- , . , . sd^i mi mi 

^ ^ PA(x,s)logpA(a:,s)<— ^— ^log— ^ (7.37) 
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By using (7.36) we then get 

P£d_ ry-d/2 ^ ^-d/2 ' ^ lip; "-^ ^^d/2 



0' < c(pA, Wr Va) + c(pA, K r^PA^ + -^ —7^ log —7^ + (1 - 1* + 1 + A^ " 



\fj)RS- 



An upper bound for (j)" is ((>" > — x^'S' — t^- Thus there is c such that 

0'-^"<c-^log7-i (7.38) 

From (7.34) and (7.38), (7.33) follows. 

From (7.33) and by choosing e so small that C, + c{( -t/2 )'^^'^log7~"'"}£"'"^^ < 2C < &, we conclude that 

(k) 

the minimizer is in the interior of W^ and thus is a critical point. D 



Proposition 7.8. There is c* such that for any 7 > small enough, for all e > small enough 
\pkAx.s)- pf^\<c*C„ for allxeA,s=l,...,S (7.39) 



(depending on j), if /5a, e minimizes f^ in W^ then 



Proof. By Lemma 7.7 given any 7 if e is small enough, then /3A,e is a critical point, namely it satisfy 
the following equation. 

logpA,e(a;,s) = -/3(tX1 H %A^^y)PK^iyy s') + ^(^^ s) - Xf3 - h, + (l - t)ri''^^ 
1 



where 



+ -{(Av(pA,.; X, s) - [pf ^ + C])+}^ + {(Av(pA,.; x, s) [pi'^> - C])-}'^ (7.40) 



'4'{x,s)=^ Y^ V^Ax,y)pA4y,s') 

Let C C A a V^^-^ cube and let x,y £ C. Then Av(pA,e; x) ~ Av{pA.f.', y) and from (7.40) we get 

|logpA,e(a;,s) -logpA,e(y, s)| < ^ ^ | Ky,t (x, z) - ]/^,t (y, 2:) |/5a,£(2;, s") 

s"#szeAn7-i/2z<' 

We use (7.12) and we get 

|log/5A,e(x,s)-logpA,e(y,s)| < c{'^(-) =07"" 

Thus for all x € A n -f-'^/'^Z'^ 

|pA,e(x, s) - p('=)| < |pA,e(2;, s) - Av(pA,.; X, s)| + |Av(/5A,e; X, s) - pf^ \ < c'7"- + 2C (7.41) 

where we have used (7.33) and the fact that for all e small enough, c{( _t/2 )'^^^log7~"'"}g"'"^"^ < C- ^ 



(k) 

Lemma 7.9. /5A,e converges by subsequences and any limit point /5a is a minimizer of f in A"^ . 

Proof. The proof is exactly the same as that of Lemma 5.3 in [7]. Compactness implies convergence 
by subsequences and by (7.39) any limiting point is in Xjy . Since for any pA E Xj[ ./(pa) — fe{pA) > 
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fe{pA,e), by taking the limit e ^- along a subsequence converging to some pA, we get /(pa) > /(/5a), 
thus Pa is a minimizer. D 



7.3. Convexity and uniqueness. In this subsection we prove convexity of / and f^ and from this 
we will deduce the uniqueness of their minimizers. 

Theorem 7.10. Given any b > 2 and k G (0,k*) (k* as in (6.14)j, for all 7 small enough the 
following holds. Let pA G XJ^ and |pA(a;, s) ^ ps \ < bC, for all x E A O ^^^I'^U^ , s G {1, . . . 5}, then 
the matrix B := D\f{p\; pj^c), pjya G Xj^J, is strictly positive: 

(u, Bu) > k{u, u), for all u en (7.42) 

Same statements holds for B^ :— D\f^{pf^; pj^n), e > 0. 

Proof. The proof is analogous to that of Theorem 5.5 in [7] for completeness we sketch it. 

We will prove the theorem only in the case e = 0. Denoting by p^ below the diagonal matrix with 

entries pA(a;, s)~^ 

{u,Bu) = {u,V*tu) + -(u,pX^m) 
Extend u and B as equal to outside A and set 

Then, by (7.8) and using that J^ is symmetric, 

{u,Bu)^J2 J2 U{x,s)U{x,s') + -{u,pl^u) 

= {E E uix,sMx,s')+Y: E [^^-'^*]^(-'^)1 

"E E i-rjk)-^*Pi^^^)^ + ^i^^PA^^) 

s 267-1/22^ PP« ' 

By (6.14) the curly bracket is non negative as well as [l/(3p^'^'>{s) — k*]. Since, by Cauchy Schwartz 
inequality, for each s 

E u{x,sr< Y. "(^'*)' 

a;G7-i/2zd j.g^-l/22d 

then 

E E [T^--i^(-'^)'<K[i--» 

S 2.g^-l/2zd PPs f^f^ 

Thus 

(u, Bu) > {u, [k* + iPpAr' - (/3p('^))-^]u) 
and (7.42) is proved. 

n 
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A minimizcr pA of / is not necessary a solution of D\f = 0. However a property analogous to the 
one states in Lemma 5.4 of [7] holds. 

Lemma 7.11. Any minimizer p\ of {/{p^; /5\c)j p/^ G XJ^ }, is "a critical point" in the sense: 

• If for some {x,s), x £ A, s = 1, . . . , S, |Av(pa; x,s) -- ps \ < C (strictly!), then 

^i^fiM(y,,')^0, forallyeCt^-.s'^s (7.43) 

• // instead Av{p\; x, s) ^ pi ± C; then for all ^ with positive average, i.e. Av(^; x,s) > 

E e(y)^^%^(y,s)<0, respectively >0 (7.44) 

(, ) dpA[y,s) 

while for all £, with null average, i.e. Av(^; x,s) ~ 



E ^iy)'4^^iy,^)-o (7.45) 

„, dpA{y,s) 



The following holds. 

Theorem 7.12. Given any 6 > 2 and k G (0,k*) (k* as in (6.14)j for all 7 and e small enough, as 
well as for e = the following holds. Let pA.e be either a minimizer of {f^{pf^, PA"), PA € Wj^ } or, 
if e ^ 0, a "critical point" (in the sense of Lemma 7.11) satisfying the inequality \f)f^{x,s) — ps | < ^C 
for all {x, s), a; e A n 7~^'^Z'' s E {1, . . . , S}. Then for any p\ such that \pa{x, s) — ps \ < b( for all 
(x, s) as above, 

fe{pA; PA") > fe{pA; PA") + ^ {pA - pA.e, PA - PA,e) , both for 6 > and /or 6 = (7.46) 

Proof. The proofs is the same as the one of Theorem 5.6 in [7]. Given any p\ as in the statement 
of the Theorem, we interpolate by setting pA^g{9) = 0p\ + (1 — d)pA,e, S € [0, 1], then with fe{0) ■— 

fe{PA,e{d);PA") 

/e(l)-/e(0) = / {DAf,{e),pA-pA,,)d9 

Jo 

1 r0 

2 



{Dlf,{e')[pA - PA,,], PA - pA,e) de'de + {DAfM,PA - PA,.) 
/O JQ 

Since pA,e is a minimizer, then (DA./e(0), pa — PA.e) > 0. This is immediate in the case e > 0, while it 
follows from Lemma 7.11 applied to ^ = pA ^ Pa in the case e = 0. Hence (7.46) follows from Theorem 
7.10. D 

As shown in [7], an immediate consequence of Theorem 7.12 is: 

Corollary 7.13. For any 7 and e > small enough the minimizer of f, is unique, same holds at e — 
for f. For e > (and small enough) there is a unique critical point in the space {\pA — P \ ^ 2^}; 
such a critical point minimizes f,. Analogously, when e = there is a unique critical point in the 
sense of Lemma 7.11. Such a critical point minimizes f. The minimizer of ff, e > 0, converges as 
e -^ to the minimizer of f . 
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7.4. Exponential decay. 



IS 



Proposition 7.14. For all e > small enough, the minimizer of {fe{p\; p^''''l\<:), pA € WJ^ } 
P^'^'Ia which is also the minimizer 0/ {/(pa; p'-'^''1a=),Pa G X^ '}. 

Proof. Case e = 0. If DaI{pa\ P^^^Ia-) = 0, then for all .t e A n 7-1/2Z'' and s e {1, . . . S} 
PA(a:,s)-exp{-/3[^ ^ V^^t{x,y)p{y,s')-\fi-{l-t)rf^]] 

where p{x,s) on the r.h.s. is equal to pA(a;, s) if x e A n ^^'^/'^U^ and to pi if a; e A'^ n ^^^/"^U^. 
The function pa{x, s) — ps solves the above equation and by Corollary 7.13 it is unique and the only 
minimizer of {f {pa; p^^^ 1a-), PA e -^i'' }• 

Case e > and small. Being a critical point of /<; as well, p'-'^^Ia is by Corollary 7.13 also a minimizer 
of /.. D 



Theorem 7.15. There are a; > and c > such that for all 7 small enough the minimizer pA of 
{f{PA;PA''),PA e Xa } satisfies 

|pA(a;,s)-p('^)|<C7-''/2g-..7dist(.,A=)^ x e An-f-^^^Z"^, se {!,..., S} (7.47) 

Proof. By Proposition 7.14, p'-'^'Ia is the minimizer of /<:(•; p^'^^IaO; (both for e > and for e = 0) 
thus the difference pA,e{x, s) — ps a; e A n 7^^' ^Z'', can be seen as the difference of two minimizers 
relative to two different boundary conditions and we can then proceed as in the proof of Theorem 5.9 
of [7]. However the proof is different: the complication comes from the fact that the constraint is here 
on the averages and not on the elementary variables pa (a;, s) as it was in [7]. Thus the strategy of the 
proof of (7.47) is to reduce to the case already treated in [7]. 
Define for 6 e [0,1], 

pf}:=epA- + {l-9)p^''hA- (7.48) 

and call pA.e{x, s;9), a; e A n 7^-'^/^Z'^, the minimizer of fe{pA', Pa^) (both for e > and for e = 0). 
The same argument used in the proof of Theorem 5.9 of [7] shows that pA.t{'] Q) is differentiable in 9 
such that 

mx,s) - pf^\ < lim^' \ dpAA-^s;9) Y^ ^^^^^^ 

We now estimate | — — -^ — ^ — | uniformly in e and 6 and this will give (7.47). 

da 
Shorthand 

u:^^^^, v^--DAf.{PAA-,ey,PA-)^,^^ (7.50) 

we have that 

Bu = V (7.51) 

where 

B:^Dlf,{pA,,i-,9)) (7.52) 

So we need to bound \u{x, s)\, a; e A n 7^^/^Z''. Explicitly, (recall the notation in Subsection 7.1) 

B{x, s, y, s') = V^,t{x, y)ls^s' + /-" - ^'^ + 0, e(a;, s) 1 (e_) (e_) (7.53) 

and 

</>,,,(a;, .) = 36-1 ({(Av(pA,.(-; ^); X, s) - [pW + C])+}^ + {(Av(pA,e(-; 9);x, s) - [pW - C])-}^) (7.54) 
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Finally 

v{x,s)^-Y^ E Kt{x^y){PA<y^s')-pi'^] (7-55) 

s't^s j/eA<:n7-i/2zd 
Recalling the definition of VI ^^ in (7.11) we define for all x,y e A n 7^^/^Z'' and the corresponding 

A{x,s,y,s') ^ V^'i\z,,zy)l,^s' + ^^"'^^7^^'^'^ +0.,e(x,g) 1 (._,<._, ,_ (7.56) 

calling R{x, s,y, s') = B{x, s,y, s')—A{x, s, y, s'). We extend these three matrices to all x,y £ j^^/^T,'^ 

by setting their entries equal outside A. 

We denote by ||-B||, the norm of the matrix E in Ti. {\\E\\ ~ sup{Eu, Eu)/{u, u)), and we observe that 

\\E\\<ineix(j2\E{x,s,y,s%J2\E{y,s',x,s)\) (7.57) 



y,s' y,s' 

By Theorem 7.10, _B is a positive matrix such that the inverse B^^ is well defined. Since the same 
proof applies also to the matrix A, we have that A as well is a positive matrix with a well defined 
inverse A''^ and ||A"i|| <C. 
Moreover by (7.12) and (7.39) we get, for 7 small enough, 

E E l^(2;,s,y,s')l <E E \yiAx,s,y,s')-v!:^^^fr\z^,s,Zy,s')\ 
s' yeAn7-i/2Z'' s' j,eAn7-i/2zrf 

I 1 1 I 

^l/3pA,,(x,s;0) ^^3^' 

< ci(7£_)(7-'^/27'^) ^ Y. l|-s/l<27- + c*C < 5c(7^- + < cC 
s' t/e7-i/2Z'' 

Thus, from (7.57) we have that ||i?|| < cC,. 

Since ||A^"'^||||i?|| < CcC, < 1; for 7 small enough, we have that the series below is convergent and 

00 
B-^ = Yi-A-^RY'A-^ (7.58) 

For a proof of this statement see Theorem A.l in Appendix A of [7]. 

We are going to prove that there are w and c positive such that for x e A n 7^^''^Z'^, 

E E \B-\x,s,y,s')\e'^^'\--y\<C* (7.59) 

s' yeAn7-i/2Z'' 

We first show why the estimate (7.59) concludes the proof of the Theorem. From the definition (7.51) 
and using (7.59), we have that for all a; e A n ^^'^/'^U^, and for all s e {1, . . . , 5*}, 

H^^ «)l = E E [^"'(^' *' 2/' s')e"^l^'^l][e-'^^l^-^l<y, s')] 
s' i;eAn7-i/2Z'' 

<C* max [e^'^^l^-^lw(y,s')] (7.60) 

s',2/eAn7-i/2Z'' 

Recalling (7.55) 

thus (7.47) follows from (7.60) and (7.49). 



(7.63) 
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Proof of (7.59). From (7.12) wc have 

Y, E |i?(:^;,s,y,s')|e"-'l--^l<Ci(7^-)(7"'/V) 

^E E e-^'"""'lk-y|<27-+<<5C (7.61) 

s' i/eAn7-i/2z<i 

We will prove that 

E E |A-i(x,s,y,s')|e-''l--«l<c" (7.62) 

then, by (7.58) 

E E |5-^(x,.,2/,.')|e-l^«-^(^-^l<^^ 

such that we are reduced to the proof of (7.62). 

We define 6(^.^5) (y, s') = l(x,s)={y,s'), then A^'^{x,s,y,s') = (6(^.^5), A~^e(j,^s'))- Thus 

for u ~ A^^e(^ygi-^, A^^{x,s,y,s') — u{x,s) (7.64) 

We say that two pairs {x, s), (y, s') are equivalent, 

{y,s')^{x,s), ^ Cf-^^Cf-\ and s' = s (7.65) 

l_ 
We call TV = ( '■.,„ )'', and for any {x, s), a; G A n -f^'^/'^Z'^ we define 

^('=^,-) = ]^ E ^(^'.''O' ef^.s) "= ^^ (e(^,'') - 77^ E e(^,^,,)) (7.66) 

(a:',s')'~(a;,s) (2:',s')~(a:,s),(a:',s')^(a:,s) 

With these definitions, 

(ef^.s). e(^,s)) = 0> e(^,,) = e^^ ,) + ef^^-^ (7.67) 

and then, according to (7.64) we need to solve Au — e*, ^,-. + ej- ^m. 
Recalling (7.56) and observing that for all x e A n 7^-'^/^Z'^ and all s (j)i:^g{x, s) = (j)f,g{zx, s), we call 

u!ft\zx,s,Zy,s') = V^\-\zx,Zy)ls^s' + 4>e.e{zx,s) l,„(f-)_^(«-) _ ,-, (7.68) 

i^^x —^'^v -s—s i 

and we observe that C/^ t {zx, s, Zy, s') assume the same value in all points equivalent to (x, s) and to 
{y, s'). Thus A can be considered also as an operator from 7i^_ onto itself in the following way. Let 
u e 'Hi_ , u = {u{z, s), z E i'-Z''), and let u its extension to 'H^-1/2 given by u{x, s) — j^u{z, s) for all 
X e Cf-'' n 7-1/2^''. Then for any x e ■y-'^/'^Z'^ and any s, 



Au{x,s)^nY: E U^'t\^.,s,z\s')^^ + ^^^=:A('M^.,s) 



A^'-\z, s, z', s') = U^'t-\z, s, z', s') + — L_l(, ,)^(,,,,) 



N Rn^l") N 

s'^s z'ei-Z'' 

where 

A^'-Hz,s,z',s')^ui^-'>(z,s,z\s') + 

Nl3p. 

Observe that e^^ ,,^(2/, s') = 'W^*{z^.s)i^y^^') where e*^z.s)i^' '^') ^ iz=z\s=s' is a vector in He_. Thus 
we find u ~ u* + w^ by solving separately Aw^ = ej-^ ^n and Au* = el ^n with u* = jj^u* , u* G 7i£_ 
and ^'•^"^M* = e*,^ ^y By direct inspection we have 

u^{y,s')^ef^^g^{y,s')f3pi'^ (7.69) 
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It is easy to see that 

E E e-''l--^l|ef^_,,)(x,s)/3pW|<c (7.70) 

We prove below that there is a constant c so that 

E E e--<\^-'^\u*{z',s)\<-c, j^'-)v*^el,,^,,) (7.71) 

s' z'eAn£_Z'' 

(7.71) concludes the proof of (7.62) in fact 

E E e^^'""^'|w*(2/,s')|<e2"''^-E E e'^^\'--''\\u*{z\s')\<C 
s' yeAD'j-^/^i,'' s' z'eAne^z,'' 

Proof of (7.71) The matrix A^^-^ acting on functions constant on the scale ^_ is the same operator 
considered in Theorem 5.9 of [7] where a statement stronger than (7.71) has been proven. Thus the 
proof of (7.71) is contained in the proof of Theorem 5.9 of [7] , but, for the reader convenience we sketch 
it. To have the same notation as in [7], we use the label i for a pair {x, s), x G IJL'^ ^ s S {1, ., S}, 
writing x{i) ~ x, s{i) = s Hi = {x, s) and shorthand \i—j\ for \x{i)—x{j)\ and i E A for x{i) G l^Z'^nA. 
We call Aq the matrix 

Ao{i,j) - V^'i\i,j)lsi,)=sU) + -^^, *, J e A n e^z" (7.72) 

so that A^^-' — Aq + (pfff and (fif^^Q is a diagonal matrix in Tii_. 

We need to distinguish values i where (j)(_.g{i) is large, and so we define 

G == {i e A : (j),^e{i) > 6}, Hg = {" e ni_ : ti{i) = 0, for all i G G") (7.73) 

Let Q be the orthogonal projection on TLq and P = 1 — Q, thus Q selects the sites where cjy^^e is large 
and P those where it is small. Let 

C = PAP - PAo{QAQ)-^QAo (7.74) 

We look for u* such that A'^^-'^u* = e*. In [7] (see eqs (5.34)-(5.38) in [7] ) it is proven that C is 
invertible on the range of P and that 

Pu* = C-^{Pe* - PAo{QAQ)-^Qe*} (7.75) 

Qu* ^ {QAQ)-^{Qe* - QAqPu*} (7.76) 

The matrix C satisfies the hypothesis of Theorem A.l and Theorem A. 2 of [7] so that there are ci, C2 
and K such that 

\C-\i,j)\<c,cxp{-Kj\x{i)-x{j)\} (7.77) 

E |(0A0)-^(*, j)|e^l^«-^(^)l < I (7.78) 

i 

Furthermore if b is large enough and c > 1 1 Aq 1 1 , there is c' such that 

\\PAo{QAQ)-^QAo\\ < ^, \\PAo{QAQ)-^QAo\\oo < c'^ (7.79) 



By observing that for any i,j E 1^1/ , e*{i) = li=j, from (7.75)-(7.79), inequality (7.71) follows. D 



8. Surface corrections to the pressure 

In this Section we fix the chemical potential A = A^^ such that (5.6) holds and we prove Theorem 
5.3. We often omit to write explicitly the dependence on A^^^. 
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8.1. Interpolating Hamiltonian. We write an interpolation formula for the partition functions 
^a'Hx^'') = Zt\ (Xa^), fc e {1, . . . , 5 + 1} defined in (4.2). Here A is a V'^^- measurable set and 

the boundary condition x^l = p^^'lreh"- 

The reference hamiltonian h{p\), p\ = p{-; 9a))i is the one defined in (7.3) and it has been chosen in 

such a way that for all x g ^"''/^ n A and all s G {1, . . . , S}, 

^Je-^^(''-^p{x,s;q^Mdq^)^pi'^\ Z ^ j e-^^^P-^v{dq^) (8.1) 

that can be proved by using the mean field equation (6.12). 
Recalling (4.1), we call 



^A.O 



A" 



,-^.(..)xW (g^),(^^^) 



For any t e (0, 1) we let {Hjy = -ffA.A^ „, below) 

i^A,t(gA|xi'^) = tHAiQAlxt^) + (1 - t)h{pA) 
"-A ^^A,A^,^ 



and(xf=x(f) below) 



4'](x£^):= / „_,e-''^-.'(^-l'^i^^')xf (gA)Krf'ZA) 



x\ 



i'^)iJk). 



We thus have a formula for our partition function Z]^ (Xa<: ) i namely 

^logZf (xi';)) - ^logZll f EAAHAiqAlxt^) ^ h{p^))dt 
where Ea,* is the expectation with respect to the following probability measure pA,t,k with support 



(8.2) 



(8.3) 



(8.4) 



(8.5) 



on the set X, 



(fe) 



^^A.tAdqA) = .,/ ,,, e-^^--.'(^-^lxA-)xf(gA)l,„,^;,w,Kc^gA) 



zi%i'}) 



A V'iA) ^^g,^^x[^)y 



(8.6) 



We call 



Ao = A\<5i + (A), Aoo = Ao\4^(Ao), ei = j-'-<, < > «+ (8.7) 



8.2. Estimate close to the boundaries. In this subsection we prove the following Theorem. 



Theorem 8.1. There is ci, > such that 

EA,t([e"'(A ^^A U xi'i) - e-f(pW)]) < c,j'/' |A \ AqoI 



whe 



^-'i-)-^^ E 



UsUs 



s^s' :s^s' 



Furthermore letting £-y = 7 ''/^ n Z,'^ , 

1^7-^/2 ^ EA.t(j^*[pA(x,5,gA)-p('^n=^)])|<c,7i/4|A\Aoo| 



(8.9) 



(8.10) 



a;eA\Aoon£^ 
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Proof. We first observe that (recall (6.19)) 

|jT,*gAUXA^^ -^7*^1 < C7^/^ (8.11) 

where, recalling (2.7), 

p(r, s) = p^-^^'^Hr, s; qa) + p^'^h^. (8.12) 

We write 

[e'"f(j,*p)-e'"V')](.^) = e"^'(i7*[p-P^'^])(^)+ E Pi''^j'r*[p-P^'''>]{x,s') (8.13) 

We call 

A = (A \ Aoo) U {5^Z'r\A \ Aoo] n A) (8.14) 

We define the set (recall the definition (8.12) of p) 

AA = \qAexi'^ -.y^ f |j^*[p-pW]|<C'7^/4|A\Aoo||, (8.15) 

where C is some large constant. We also call 

Aa^X^a\-^a (8.16) 

From (8.11), (8.13) and the fact that the interaction range is 27^^, we have that 

EA.*([e'"'V7* 9AUxi'i)-e-'(p^'^)]) < 4^'^^ + Cj'^* + PA.tMAA)]\A\ (8.17) 

We are left with the estimate of the probability on the r.h.s of (8.17). We first write 

4"](^A|xi'^) 
MA,t,fe(^A) = ^(fc) (fe) (8.18) 

'^A,tUA<: ) 

zf\{AA\xt}) - I e-^^-^'(^-l>^i^^')xf (gA).(dgA) (8.19) 

and we estimate separately the numerator and the denominator in (8.18) starting from the numerator. 

The following estimate holds for the weights of the contours (see Lemma A. 2 in Appendix A) 

A\(auC+'(A)) - ^ - A\(Au5fi+'(A)) L J ^ ' 

We partition AinA^AUBU (Aqo \ B) where 

B = J^;jA]nAoo (8.21) 

We also define the set Bq C B such that 

dist(Bo,B'=) >£+/8 (8.22) 

We write 

-ffA,t(gA|XA- ) = ^Aoo\B,t(9Aoo\i3) + ^AuB,t(9Aui3 I^AooXB U Xa- ) (8-23) 

and we notice that from (8.20) we get 

^1^](^a|x£^) < / e-''^^ooX..(«AooX«)x('=) _ , . [1 + e-<''-] [l^-^-"'(^)ll/< 

xZAuB.t{AA\qA,,\B^XAh (8.24) 
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where Z^^g ^ is as in (6.5) but with the energy given by H\tjBf We call /OaqoXb ^^^ density on the 
scale 'y^i/^ corresponding to the configuration (/AooXB ^^^ ^'^ '"^^ P(Au-B)= the density corresponding 

ik) 

to the configuration qAoo\B U Xa" ■ 

A result analogous to Theorem 6.4 holds also for the partition function with the interpolated haniil- 

tonian. Thus, recalling Definition 6.3, we have that 

log (zAuB.MA\qA„„\B U xi'')) < ~/3 inf /aub,a, ,.t(p|p(AuB)0 + ct'^'IA U B\ (8.25) 

were analogously to (7.2), for any region 17 

/n,A,t(pa|pnO = i^a.A(Po|pj20 + (1 - tmpn) - ^5(po)] (8.26) 

Since we want to use Theorem 7.1 where A = A^g, we first change the chemical potential by using that 
there is c such that 

\PAuB.\f,,^{PAuB\p(AuBr) - ^Aui3,A„(Mui3|P(AuS)OI < C7^/^|A U B\ 

Thus (8.25) holds with /aub,* ^ fAuB,Xa,t in place of /aub,a« ,t and with a new constant c. We 
have 

inf /AuB.t(p|P(Aui3)0 = int | i^^i fBAPB\PA„„\B + Pa) + .fA.t{pA\XA-)\ (8-27) 

Recalling that pA € X^ , we can use Theorem 7.1 concluding that there is a function p*g G Xg ' (that 
depends on pa) such that p^ = p^'^' in _Bo and 

inf fB,t{PB\PAoo\B + Pa) > f b .t{P*B\P haa\B + m) - ce""'^+ (8.28) 

pse^ij' 

Calling _Bi the subset oi B \ Bq that is connected to A, we observe that the functional on A U i?i 
depends on the boundary conditions only in Bq and A^ where they are equal to the pure phase p^'^' . 
Thus 

fB,t{P*B\PAoo\B + pa) + JaAPaIXa- ) = fAuButiPAuBilX^AuBi)-) 

+.fB\(BiUBo)AP*B\{BiUBo)\XBo + PAoo\b) + IboAXBo) (8.29) 

To get rid of the dependence on pA of p*g\/g ub V ^"^ minimize the second term on the right hand 
side of (8.29) using again Theorem 7.1. We thus get the existence of p|^*w^ ^g . such that, going back 
to (8.27), 



inf /AuB,t(p|P(AuB)0 > .fB\{BiUBo)APB\(BiUBo)\XBo + PA„„\b) - Ce '^'^+ 
p6-4^ 



ik) 



+ inf fAuB^AplxlAuB^y) + fBoAx'so) (8-30) 

We are left with the estimate of the inf on the r.h.s. of (8.30). Recalling (8.26), we estimate separately 
the first term, namely ti^AuB ^^'^ the second namely (1 — t)[h(p) — P~^S{p)]. For the former we use 

Lemma 6.7 with fl^ AUBi. Then, calling 7^ = J^ * (po + x®), from (6.43), (6.44), (6.45), (6.39) 
and the fact that F2 > 0, we get that 

i^IuB„A,(PAuBjx!iU)=)I^T"'^'l'»((^Ui3i)=)+7-'^/' E F^^{TZ{x,l),..,n^,S)) (8.31) 



46 A. DE MASI, I. MEROLA, E. PRESUTTI, AND Y. VIGNAUD 

where i^™', the mean field free energy, is quadratic around p^^'. Since pauBi ^ '^aub ' ^^ *"^^ take 
Taylor expansion up to the second order, getting 



7 



-d/2 



J2 F^;(nix,l),..,nix,S))>^\AUB,\ 



xeAuBinsi^ 

+ Y^1-"' E J.-[P^-B.+X%s.)^-P''']" (8-32) 

s a:e(AuBi)n£-, 

If PauBi G ^A' observing that the integral over W^ \ Ago H £^ in (8.15) can be restricted to a sum 
over A n £^ we get 

<|AuBi|V2^^-'^/2{ ^ J,*[pAuB.+x!iW-/'=)]'}'^' (8.33) 

s £cGAn£^ 

We next observe that 

7-'^/2lfc((A U B,Y) + 0|A U Sil = ^iuB,,A,(xSB, IX(AuB,)^) (8.34) 

Using again that |A/3 - A/3,^| < 7^/^ ^nd taking (7 > 2, from (8.31), (8.32), (8.33) and (8.34) we get 
that 

^Aub,,a,,,(paubJx[1b,).) > J^lui3,,A,„(xSBjx;iU)^) +2C'I^Ui?i|7^/' (8.35) 

To estimate the other term in /auBi.* we observe that the function of u = (ui, . . . , M5), — ^S {u) -\- h{u) 
is strictly convex and by (7.3) and (6.12) the only minimum is in p^ K Thus, calling (f)*^, = —^S{p^''') + 
h{p^''^) there is c* such that 

7-^/^ E [^S{p) + h{p)]>r,\AuB,\ + c*J2^-''/^ J2 b-P^'^]' (8-36) 

AuBinfi-, s AuBinfi-, 

For p e ^^, observing that the integral over R"^ \ Ago H £^ in (8.15) can be restricted to a sum over 
A n £-y, and using that p - pC') = in (A U Bi)" and that J^, • 1 == 1, (see (6.41)) we get 



rreAn£-, 

1/2 



' ' s rreAn£-, 

^ER'^^' E ^-'^' E i.(x,2/)[p(2/,.)-p«]'}^ 

^ER'^' E [p(y,^)-P<'=']V'^/^E^7(-'2/)}'^' (8-37) 

s yeAuBi xez~, 

Using again that J-y * 1 = 1 and provided C > 2/c*, from (8.36) and (8.37), we get that 

7-'/' E [=^S{p) + h{p)\><f>l\^UB,\+2Cj'/^\Al ypeAl (8.38) 

AuBinfi-, 

From (8.35) and (8.38), we thus get for all p^ E ^^ 

/AuSi,i(PAuSilX(AuBi)-) - *-^AuBi,A3,^(XauBiIX(AuBi)-) 

+(1-^)^7-^^/^ E [^5(pW) + M/'^^)] + 4qA|7^/2 

s AuBin£^ 

>/AuB„t(xSBJx!iU)^) + 4^l^l7'/^ (8.39) 
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g -/3/AUB,t(PAuBlP(AUB)':) 

A\(Aud-r.:+'(A): 



By estimating ce '^^+ < c|A|7^/^, and calling 

-* _ ** , (fe) 

PAvjB ■— Pb\{BiUBo) + XauBiUBo 

from (8.30) and (8.39) we get that for all p E A}^, and C > c, 

inf /AuS,t(p|P(AuB)0 > fB\{BiUBo).t{PB\(BiUBQ)\XBo + PAoo\b) 

peAx 

+ .fAuB,,t(xSBjX(AuB,)^) + fBoAX^Bl) + (4^ - c)j'/'\A\ 

> fB\{BiUBQ)APB\{BiUBo)\XBo + PAoo\b) + ./auSiUBq,* (XauSiUBq I^(AuBi)<:) 

+3(77i/2|A| 

> /AuS,t(PAui3|P(AuB)0 +3C'7^/2|A|, 

Going back to (8.24)-(8.25) and observing that we can choose C > c so large that 

-3(7y/2|A| + C-7I/2IA U B| + |A U <5(^,^ V)K;'log ([1 + e-<''-]) < -2C^'^'\Al 
we get 

^AuB,t(-4AlXAO<e L«./ A\(Au.fi+'(A)) 

(8.40) 
Observe that the function p^y^ is in the set X^^^, thus from Theorem 6.4 we get that 

- PfAuBAP*AuB\P{AuBY) <log^AuB(/0(AuB)0 + C7^^^|AUB| (8.41) 

We next observe that the denominator in (8.18) can be bounded using the first inequality in (8.20) 
getting (recall that P(aub)<= is the density corresponding to the configuration QAooXB U Xa<: ) 

Z^}ix^}) > / , ^-^"--''^^--^X(;) .^ Zaub(P(Aub)0 (8.42) 

Thus from (8.40), (8.41), (8.42) using again that C > c, we get 

z'^UMaIx^a^) < e~^'''''^^\zi%i'}) (8.43) 

Using that there is c such that |A| < c|A\ Aoo|, (8.43), (8.18) and (8.17), conclude the proof of (8.8). 
The proof of (8.10) is similar: with A as in (8.14) and Aa as in (8.15), we get that 

1^7-^/2 ^ EA^,(j^*[pA(x,s,<ZA)-pW(s)])|<c[7i/4 + /,A,,,fc(^^)]|A| 

s a;eA\Aoon£^ 

<c|A|[7i/4 + e-^^'''l^l], 

n 

8.3. Infinite volume limit. The following result will be used to control the first term on the r.h.s. 
of (8.5). 

Theorem 8.2. For any van Hove sequence A„ -^ M.'^ of D + - measurable region the following limit 
exists 

Furthermore for any Cpoi < c^ there is c and for any 7 small enough 

\Ra\ < c|4-[A]| e-^-'^-, i?A := -^log^i';) - lA^^'^^ (8.45) 
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for any V^+ - measurable region A 

Proof. For any I?(^+) measurable region A we write Z^^q == ■^a o II^a.o(XJ^^^ ) where Ea,o denotes 
expectation w.r.t. dfiA :— ,^ , v{dqA) and Z^ q — / e^^'^^'"^'v{dq!C). 

Let r e B^. Since d^A = JJ ^A^c**-) ^^^ s^^e for T 7^ T' in T, 5ll^' [sp(r)] n (5^;it ' [sp(r')] = 

C(*-'CA 

Ea,o( n <i(rk)) = n EA,o«^^(rk)) =: n ^^'^r) (8.46) 

rer rer rer 

We have 

V'«(r)<e-=™^'^-^^ (8.47) 

because ■i/;('^)(r) is the expectation of W''^^{T\q) which satisfies the same bound independently of q. 
By (8.47) as a direct consequence of the cluster expansion, see for instance Theorem 11.4.3.1 of [16], 
for all 7 small enough 

E n ^'"Hr) = e-^<'"'(^) (8.48) 

where the "hamiltonian" K\ (A) can be written as K}^'{K) — N, f^-y A' ^ ranging over the connected 

ACA 

2?(^+)_];neasurable sets; the potentials t/1 ^ are translational invariant (in Ij^U^) and satisfy the bound: 
for any Cpoi < c^ and for any 6 > 

/^Ee'^^'I'^Sl^^"'"''"^'^''''' ^^^ (8.49) 

A9r 

for all 7 small enough (A^a being the number of I?(^+) cubes in A). We are now ready to conclude 
the proof of Theorem 8.2 that we will prove with 



,0) 

AA/o Vicn; 



iogz(";f_' i,,„z(^'0) 



because jt)^ = '^^R\\f ' ^^ ^^^^ 1-^^' - E E I^7!aI such that (8.45) follows 



from (8.49). D 

The next results are the main tools for dealing with the "bulk" part of the expectation on the integral 
on the r.h.s. of (8.5). 

The following theorem is a corollary of Theorem 3.1 of [7] whose statement is given in the proof below. 

Theorem 8.3. There are 70, a; > and c such that for all 7 < 70 and all t G [0, 1] there is a 
probability measure fioo.t^k on X^^> which is invariant under translations in ijJE!^ and such that the 
following holds. For any bounded I?^+- measurable region A G M.'^ and for any A C Ago, (Ago is defined 
in (8.7)j and any cylinder function f with basis in A, 

lEA^tAf) - Eoo,t,fc(/)| < c||/|U e-"'''^°+'^'^*(^^+'^^) (8.51) 

where A^^ is the smallest 1)^^+' -measurable set that contains A and where Ea ^ j,, respectively Eoo,t,k 
denote the expectation w.r.t ^A.t,k, respectively /ioo,t,fc- 
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Proof. In Theorem 3.1 of [7] it has been proved that for any bounded, I?*-^+ ^-measurable regions A 
and A' D A and any boundary conditions ^a^ Sind q'^^ia the following holds. Let /iA,t,fe(c^'i'A|9A<^) ^^nd 
^J'K' .t,k{dqt^i\q'f^,c) be the probabilities on A'^ and respectively on Xj^, defined as in (8.6) but with 
the boundary conditions qj^i^ and q'f^,c instead of x ■ Then there is a coupling dQ of ^J.K,t.k{dq^\qK■=) 
and lJiK>,t,k{dqKi\q'j^ia) such that if A is any P^^+^-measurable subset of A: 

Q{{ (9a, r') and (qA',r") agree in A}") > 1 - cie"'''''"'^ (8.52) 

where ((7,r) agrees with (^MZ') in A if all F e F such that the closure of sp(F) intersects A are also 
in F and viceversa and moreover 

(?nA* = g'nA*, A*:=AU{sp(F)U(5(lt^Mr)]} (8.53) 

rer 

Inequality (8.52) implies that for all cylinder functions / with basis A C A, for A^^ D A as in the 
statement of the Theorem, 

|EA,t,/c(/|gAO -EA',t,fe(/|gA-)| < c|l/|Ug({(g;,r') and {ql,,T^') do not agree in A^^}) 

< c||/||ooe~"^'^°+'^"'^^'+''^'^ (8.54) 

Then for any sequence A„ -^ W^ of I?^+- measurable region, and for any / as above, the sequence 
{A*A„.t,fe(/|9A<: )} is a Cauchy sequence and the limit Hoo,t,k{f) defines a probability on X^ "> which 
is invariant under translations in ijJL'^ . From the uniformity on the boundary conditions defining 
A*A',t,fe(/|9A'\A U ^A'^) it follows that for any A„ D A (A„ an element of the sequence defining /L(oo,t,fe) 

|EA,t,/c(/k-AO -EA„,t,fe(/)| < ||.f||ooe'"^'^°^'^'^'(^^+'^^^ 
and this implies (8.51). D 

We will use the following consequence of Theorem 8.3. 

Corollary 8.4. For any D +- measurable region A C M. , for any r G Aqo 



^AAk (e'"'V7 * 9a) (r)) - E^,t,fe (e'"'' ( J^ • (Za) (0) 
where e™' is defined in (8.9). 



< C 6-'^'^'^''+ dist(r,A<^) (g 55) 



Proof. We denote by A^ the smallest I?^+- measurable set that contains the set {r' : \r — r'\ < 27 ^}. 
We have that 

sup J^^qA(r,s)<7llJ|loo^l(pi'=) + C) V (8-56) 

where i?l {pi + C) is a bound for the number of particles in a cube of D and — -j- is a bound for 
the number of cubes in V^- that intersect the set A^. Thus from (8.51) and (8.56) we get 



Ea,*,/c (e-^f ( J^ * ^a) (r)) - E^,*,^ (e^*' ( J^ * ^a) (r)) 



<ce-'^T'^°+'*'''*('^-''^'^) (8.57) 



Since dist(A^, A=) > dist(r, A'^) - 3£+, (8.55) follows from (8.57). D 
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8.4. Proof of Theorem 5.3. As a consequence of Theorem 8.2 and CoroUary 8.4 we have the 
following result. 

(k) 

Theorem 8.5. Let P\f, ^ and p^ be the pressures defined in Theorem 5.2 and Theorem 8.2 respec- 
tively. Then 

Po^ - ^A,,. + / ^lo,t,M)dt (8.58) 

Jo 

where, 






f^-i) jd 



with 

^,(s) = r«)-A,, rf^ = Y^pf (8.59) 

s' ^S 

Proof. Wc will get (8.58) by dividing (8.5) by |A| and letting A -^ oo. Wc first write (below we set 

Mpa) + A^,-,|<Za|=£^ ^ ^(^,(,) + A^,^)M£lrL^?L^=:^<^ ^ «^(q^), 
We write 

HK{qK\xf}) + A;3,^|gA| - / , e-f [J^ * gA U xf^ - ^^'^-y * xf^] 

J{M>SlZ, [A])\Aoo 

E /(.^,e"'['^7*9A] (8.60) 

Taking expectation w.r.t fiA.t,k we get 



EA,*,fc(i?A(<ZA|xi'i) - Mpa)) - / ^ EA.t,k(e"''[J^*qA U xi'^] - e-^'lJ^ ^xi* 

^ ^ "'(AU.J^.Tt [A])\Aoo ^ 

xeS.e^nAoo ■C'x+ s + 

As in the proof of (8.56) we have that 



.61) 



sup J^^q^{r,s)<^'\\J\\^liipi'''> + C)^ (8.62) 



Thus 



if 

£d 



lim ^ / EA,t.k (g-^Vt * 'Za U xi'^'] - e^'[J^ * xi'^^l) - 



1 

A^i'' |A| J(aus12;\a])\a„ 

From Theorem 8.3, using the invariance under i?+-translation of the hmiting measure iioo.t.k and 
noticing that \Zi^ n A| = lAj/^'f^, we get 

lim ^EA.t.fe(HA(gA|XAi) - Kpa)) = Eoo.t,k{A) (8.63) 

A^R'' |A| ' ■ \ / 

From Theorem 5.2, (8.44) and (8.63), (8.58) foUows. D 
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Corollary 8.6. We call 

nJf * ^a; xi'i) = I ^ (e'"' [J^ * <ZA U xi'i] - e-f [J^ ^ xi'^] ) ^ / e"' [^ * xi'i] (8.64) 

T/ien the following holds. 



1 /"^ 

-iogzi'\xA^)^Px,^\A\ + RA + ik{Al- / [7^l + 7^2 + 7^3-7^4-7^5] 

'J Jo 



(3 
where R\ is defined in (8.45) and Ife in (5.2) 



.65) 



7^l= /" {EA,t,fc(e'"f(j^*(ZA)-Eoo,t,fc(e'"'(j^*gA)}di 



/A, 

7^2- / [EA,t.fe([e'"f(A*gAUxi';') -£"''■(/>('=')]) 

-Eoo,*,fc([e'"'(j^*9A Uxi'i) - e-f(p«)]) 
7e3-EA,t,fe(*(J^*qA;xi'i))-Ife(A^) 
Finally, recalling (6.19), 

s a;eAoon£-y 

^5 = ^['^/c(s) + A/3,^]7"''/' 51 [EA,t,fc(i7 * (pa - P^'^')) - Eoo,t,fe(J^ * (pa - P^'^^))] 

s a;eA\Aoon£.^ 

Proof. Coming back to (8.5) and using (8.58) and (8.45) we get 

1 /"^ r 

- logZf (xi'^) - Px,JA\ + Ra- J [EA,t,fe(//A(gA|xi'i) - Hpa)) - |A|Eoo,t,fc(^)J dt (8.66) 

Recalling (8.60) and definition (8.64), we get 

HAiqAlx^A^ + A/3,-,kA| = / e^^ (j^ * [qa U xi'i]) + *( ^7 * 9a; xi'i) (8.67) 

Ja 

Thus adding and subtracting Ife(A'^) we get that the term corresponding to the energy e™* in the 
integral on the r.h.s. of (8.66) is given by 

EA,t,fc(e"^'(J7 * [qa U Xa^]) - Eoo,t,fc(e"^f (J^ *?) +11^ + Ife(A^) 

EA.tAe'^'iJi * 9a) - Eoo,tAe'"' (J-, * 'Za)] + 7^2 + 7^3 + Ife(A") 

Aoo 

We have used "back" ^-|_-translation invariance of Pca,t.k and to get the term 7?.2 we have added and 
subtract e'"f(p('=)). 

For the remaining terms in the expectation on the right hand side of (8.66), we consider pA — p{'',<1a)) 
as a function defined on the whole lattice £^ by setting pa = outside A, so as to we write 

A^,^|gA| + Kpa) - 5I['^fe(*) + ^/3.7]7"''/' 51 "^7 * PA (8.68) 

where we used that J^ • 1 = 1 . We then split the sum for x G £^ in a sum over Ago plus the sum over 
A \ Aqo. In this last sum we add and subtract pC^' thus getting TZ^ and TZ^. D 
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From (8.65) it follows that in order to conclude the proof of Theorem 5.3, namely of (5.7), we need 
to show that 



7^l + 7^2 + 7^3 - 7^4 - 7^5 + Ra 



<cy/4|4+(A)| (8.69) 



Proof of (8.69). Since the number of cubes C € V^- that are in S^^ [A] is bounded by 
From (8.55) we then get 



-(o^-o+) 



|7^l| <c|4+[A]|7('""-)''+"+ / e^T +"'^<c7-"-^+"+|(5f+[A]|e""T + + (8.70) 

J\r\>ei 



and also 



|7^4| <c|4+[A]|7('-"-)^+"+ ^ e-^ ^^""<c7-"-''+"+|4+[A]|e-'"T"°+ °+ (8.71) 

From (8.8) we then get 

|7^2|<c7l/4|A\Aoo| (8.72) 

while (8.10) yields 

|7^5|<c7l/4|A\Aoo| (8.73) 

In order to estimate TZg, we observe that it is equal to the expectation of 

nJ, * 9a; xi'i) - Ife(A^) = / {e-f ( J^ * [gA U xi'i]) - e'"''(p('=))} 

+ l\^ ,^ {e-f-(J,*xi'i)-e-V.*xi'i)} 

By (8.8), the expectation of the first term is bounded by C7^/^|A \ Apol, while (8.12) shows that the 
expectation of the second term is bounded by 07-'^/^ | A \ AqoI so |7?.3| < 207^/"* |A \ Aoo|. □ 



Appendix A. Bounds on the weights of the contours and on the energies 

In this appendix we will prove lower and upper bounds on the weights X^ a(9a) defined in (4.1), see 
Lemma A.l and Lemma A. 2 below. These results are quite general thus their proof is equal to the 
one for the LMP model given in [16]. We also give bounds on the energy in Lemma A. 3 below. 
The subsets of R'' that we consider here are all bounded I?(^+) measurable regions. We will often 
drop the dependence on A and q\ when no ambiguity may arise, thus calling Xj^ = X^^ \{qA)- 
We extend the definition (4.1) by setting for A C A' and A^ e N U 00, 

X['i^^^ E ni~r<A^,sp(r)nA^0W^f (r|?) (A.l) 

ree^, rer 

Observe that, since sp(r) n A 7^ if and only if sp(r) n (5^^+^ [A] ^ 0, then X^':)(°° = X^*"^ , hence (A.l) 
indeed extends the definition (4.1). 
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Lemma A.l. [Lower bounds] For any N > 



4':1'><1, Ac AC A' (A.3) 



xf >xi^:)^xf (A.4) 



Proof. See Lemma 11.1. LI in [16]. D 

Lemma A. 2. [Upper bounds] X.jy.jy,, A C A', is a non decreasing function of A' , namely 

xi';),,(gA')<xi%,(gA"), AcA'cA", qA"nA' = q^, (A.5) 

and for any A C A C A' C A", 

Moreover there is a constant 6 > such that 

x[%<{l + e^e-^^-ii''~^^'f'''^' (A.7) 

For any A C A 

XW <xW^(l + eV''-«^^-)3'')'^'^'' (A.8) 

xi':L <Xr(l + eV/'-(C^^-)3^)''"'''""'^ (A.9) 



Finally, 



Xf < Xf ^^(l + [e^e-'^^™ (C^^DjA^y^l/^' (A.io) 



Proof. See Lemma 11.1.1.2 of [16] D 

We now give bounds on the energy. 

Lemma A.3. Let pmax be as in (6.33). There is c' such that for any q^ such that p^^-'{r,s;q\) < 
Pmax, for all r G A, and s G {1, . . . 5} and for any particle configuration or density function q\c such 
that p^^-'{r, s; q/^c) < Pmax, r E A'^ (in particular if qA G X^ '^^^ ^A= G Xj^J for some k), 

|i^A,A(gA|9A0l<c'|A|, /ora//|A-A^|<l (A.ll) 

// also q'j^^ is such that p^^-'{r, s; q'jy^) < Pmax, f G A"^, then 

\HA,x{qA\qA.) - HAMQA\<iM)\ < c'|aA|7-i, for all X (A.12) 

Finally for all qA, qA" o,nd all X, 

HAA<lA\qA") > ^kAJ (A.13) 

Proof. First notice that for any r, r' 

J^(r,r')< II JIIooT'^I,. , ^(^-1),^ , (A.14) 

7V , / — II lioo ( dist(r,CV )<7~^ 

Fix r G A, since there are at most 3"^ cubes in D^'' ' at distance < 7^^ from r, we have 

J^*g(r,s)<3''||J||ooPmax, Vs (A.15) 
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Thus recalling (2.4) we have that 



I^A.A(gA|gAOI = / , {ef(J7*(9AUqAc))-ef(J^*gAc)} 

J^^^Iut [A] 
<c3'^||^||coPmax|A| 

thus proving (A.ll) with a constant c independent of A if |A — A^| < 1. Analogously we have 

JS'L [A]U5L, [A] 
-{e-f(J^ * {qA U g^.)) - e-'V7 * 9a0}| < c'|aA|7-^ 
Finally notice that for qa = {■ ■ ■ ,Ti,SiT . .) and gA = (•••, ^i, Si, •••); "^"^ can write 

^a.aC^aI^a-) = 2 X! (-'"7*'^7)(^*'^i)ls.5^s,+ X! X! ('^7*'^7)(^»'^j)1s.#5j^^I'2'a| > -A|gA 

thus proving (A. 13). D 

Appendix B. Thermodynamic pressures 

In this Appendix we prove Theorem 5.2. 



For any X G [A^ — l,A/3 + l] and k G {1,..,S'+1} there is p{k,X) such that for any van Hove sequence 

.(k 
Al 

1 , Mk) ,Jn). 



A„ -^ W'' of V^^+^ -measurable regions and any sequence q^^J e X^ 



^oo p|A„| 



The proof is the same as the analogous one for the LMP model in Subsection 11.7 of [16]. The latter in 
fact is based on bounds on the energy and on the weights of the contours which are the same as those 
proved in Appendix A. Existence of pressure when the phase space is non compact it is not an easy 
problem in general, the simplifying feature in the LMP and the Potts hamiltonian being the bound 
HA,x{qA\qA'=) > — ^I^aI uniform on the boundary conditions, see (A. 13), which in general cannot be 
expected to hold. In this way the problem is essentially reduced to the case of compact spins. With 
the bounds proved in Appendix A the contours weights are also easily controlled, the argument is 
standard in statistical mechanics. 



. p{k,\)=p{l,X),ke{l,..,S}. 

Let ipkiq) be the configuration obtained from q by interchanging spin 1 and spin k, leaving all the other 
spins and all the positions unchanged. By the symmetry of the hamiltonian HA,\{'il'k{qA)\'>Pk{qA':)) = 
HA,x{qA\qA'=) a-nd the Jacobian dv{qA) / dv{'4>k{qA)) — 1. Moreover ^j, : Xj^ -^ A"^ one-to-one and 
onto and X.)^'^{qA) = 'X.j^\{'4'kiqA))- Then Zj^ ^(^^(^a" )) ~ ^a a(9a" )' hence the thesis as we have 
already proved independence on the boundary conditions. 



P^°'' ' :— p(l. A) and P| '^""^ ' :— p{S + 1, A) are continuous functions of X. 
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By the bounds in Appendix A we reduce to the same setup as in LMP and the proof becomes the 
same as in Subsection 11.7.3 of [16]. Notice that the dependence on A is exphcit in the hamihonian 
but also implicit in the contours weights. The dependence on the former is dilFerentiable while the 
dependence of the cutoff weights on A is only proved to be continuous. The whole argument is quite 
standard. 



• There are cq and e positive and p'-''''{X) = {/?« '(A)}, s e {1, .., 5*}, k e {1, ..,S + 1}, |A - Xfj\ < c^e, 
such that: for ah s, pf ^^^A) = p^^+^^(A); for k < S and s^k, pi^\x) = pi^\x) < p[^\x) = pi^\x); 
p^'^^X) arc diffcrentiablc in X; -F™^(-) has local minima at p('^)(A) and 



dX 



\ ' \ — Art ^ 



(B.l) 



This is proved in [7]. 



• There are c[ > and for any n > there is 71 > such that for any 7 < 71, any fc g {1, . . . , 5+ 1} 
and any X such that |A — A^| < nj^/^ 



IP. 



(ord) _ (ord) 
A ^mf,A 



<cW'/2^ k=l,...S, 



IP. 



(disord) (disord) 



A 



_ (disord), '1/2 

Pmf.A I - '^l7 



(B.2) 



^ie^epLlr^' - -F^'{p'^'+'\X)) andp^Z'S ^ -Ff{p^'K^))- 
By (A.2) and (A.7) 

By Theorem 6.4 

logZAa(A'f'lXA'') + /3 inf Fl,{p^\xt^) < c^'/'\A\ 

PA--ri{pA;r)=k,reA 

Postponing the proof that FI.^{pa\xa^) > Pa,a(Xa Va=^) we get 



|A| 



logZi'l{xi'}) + PFl,{x['^\x['}) <cj'/' + r/log2 



Choose A as a cube of side L, then |Pa,a(Xa ^IXa'^'') " |A|Pf ^(p^'^H^))! < c^r^L'^-^ and (B.2) fol- 
lows letting L ^r CO. It thus remains to prove that for any |A — A^| < k7^" and 7 small enough, 
-^A a(pa|Xa<: ) — -^a,a(Xa IXa<:)- The proof is taken from Proposition 11.1.4.1 in [16]. 
Call p the function equal to pA on A and to Xa^ on A'^. Since 5(0) ~ 0, S{xf^I) = S{xf^I)\A<:, 



M)\ 



(k) 



FlxiPA\x):J) = / {F^iJ^ * P) FfiJ, * x\V)} + ^{5(J, * p) - Sip)} 



P 



i{5(J,*xi'i)-5(xi'=i)} 
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We can write the integral of the sum as the sum of the integrals and in the integral with {S{Jj * p) — 
S{p)} we can replace S{p) by J^ * S{p). Then F^ \{pa\X\<:) becomes 

{Ff{J, * p) - Ff{J, * xth} +-J {SiJ, *P)-J,* S{p)} 

Since rj{pt^\ ■) = fc, for all 7 small enough the first curly bracket is minimized by setting pA ~ Xa > 
the second curly bracket by convexity is non negative and vanishes when pA — Xa j the third one is 
independent of pA, hence FX,a(pa|Xa^^) > -Fa,a(Xa 'IXa-^)- 



The proof of (5.6) follows because: P^^ ' — P^ '^"'^ ' is continuous and there is c > such that for all 
7 small enough 

p(ord) _p(disord) i<0 if A = A^i - C7I/2 

^ ^ \>0 if A = A;3 + C7I/2 ^ • > 

(B.3) holds because: |{Pi°"'^-Pl''""''^}-{p|°;l'-p|,^fX'''}| < 2c[^^/\ By (B.l) and the smoothness 
of {p)^f X ^ Pmi^T } ' there is a > such that for any k and all 7 correspondingly small, 

Hence p'^°'^^ - pf'"'"-^ > {an - c[h^/\ 
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